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Grqupe canadfen d°éti

1983

~ The sceventh annual_weet fng of the Study Group was hield on the UBC .
* campus from June H[h to_I2di; - Aliout 45 mnlhcm1tlclnus awd mnlhcmutlts_

patlu n established In carlier mﬁe;lr;gs.
to f11l a aifquae inlc’ in ac lenut tue rcanvgts.

+ and mathematlese educators terms,
and it allows tlme for toplcs to Inc followe' tllrom,ln. both durlug cach
neetmg and from onc meecing to thie next:. o .
. . . . 7' - v

The prlmipnlguesls this year were Petcr.ililton (9

aud Styphcn Brown (SUNY at Buffnlo). T‘l‘lu. formcn spuke nh !

777777777 ”l‘luk niature of |roblcm generat lon

#curriculum -‘l’ln.lr lettures were stimulating and prnvm.ntlvc biii,
perliaps cven more sig

lflr:mf were thetr hu“vldual colitrlbut fons to. ",
es with «-m.h other,

fut ire”; sd ac hoe prcavntatlol 3 were offercd-by I'e
n "Matlicmatics. 35 poetFy™ And’ Jnlui Barry (H.mllnbn) on "Cross-cnltural o

aspedt.s ol’ teaching matlwmatl,cs . .-

This. y...u[ 3 \mrklm, qups tooks as thedr s
thllile, " “Tralnlng In. dlaghnos{& and remeﬂlnt('-u lnr
matics and l.m;,uayo' .-md "Tlu.j lllfi C «

Icrrs “Developlug statistical o
S F3 “Phtll,e- .o

An afternoon was set aslde for demonst zat 1018 of comjiiiter softwarc .

‘l‘here were allglll’ly hvwc pa?tlélpantn tlllH ycnr than _at_the last l'ii;;':-;
ng erp c suppart I8 ICs8 vady to cowe

P
by. Although meetings wouwid losce their ohar er_{f ‘the Study Gi v be= .

came too large, it scems a_ pity that mauy mathemat fes departments amd
facultles of educatian in Canada were not. [repraseiited ot all, Anyone want-

ing information about the Study Group may get Qi touch with the w{itcr

or. with B.R. llodyson, l)épnrtcneu( de mathémat fques; Unlvcrslll- Laval; .
Québec, Quéd., GIK 714,

vavid Wheeler .
Deépartawirt of mn;lwmntlc.s
Concordia Univerwicy

; o4 . BESTCOPY AvALABLE:
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EDITOR'S FORIARD

The 1983 CMESG/GCEDM mecting Eoliowed Lhe Same forinat
_usad for saoveral years. - The aqeﬁéa included two loit ures

presented by prominent persons; four working qroups, cach

777777 ~

fééu ing Ol a new or continuxng theme from bre vious confer-
en-es, two topic groups .and continuing groups. In addition;
tlie prograin included a computer workshop and opportunitics

for ad hoc sessions:

The lectures were presented by Peter Hiiiton of the

State Unlvbrsxty Gof New York at Binghamlon and Gtephnu

Brown of the State University of llew York at ‘Buffalo. The
&

papers fxom both lectures are 1nc1uded in these provocdiugs

-

in. their cntirety. ' : ‘ -
Reports fibﬁ each of Eﬁé working §i66§§ are iﬁéiﬁééd.
The text of the Topic Froup presented by panicl
h Kohneman entitled “Intentions and fallacie« in reasoning
' deﬁt piﬁﬁéﬂilityé ié not 1ﬁélﬁaéd. llownver, some beéi-

ences thch tnclode related tectural materiat are incloded;

- Charles Vernille ‘ .
EDITOR
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CURREHT TREHDS It MATHEMATICS
"~ AND FUTURE TRENDS IN MATHEMATICS
EDUCATION

BY
PETER HILTON
DEPARTMENT OF MATHEMATICS
STATE UNIVERSITY OF NEW YORK AT BINGHAMTON
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CURRENT TRENDS N MATHENMATICS o e
TAND FUTURE TRENDS IN MATHEMATICS: ©
T K s
. EDUCATION ;
- . . < - :
‘ . by ' .
R K T .
Peter Hilton B .
S - ] . . ‘4
1. L :,,I,,,_, P ; : . ':'.

dominant trends in prescnt-day mathematics, .and to driiw from this

My intention in this talk is to study; grosso modo; the

study principles that should povern the choicc of coutent and
stylc in the teaching of mathematics at the secondiry aud elemen-
. tary levels. Some of these principles will be time- independents;
in the scnse’ that they should always have nséﬁ'aﬁﬁ§faq;ea the
_teaching of mathematics; others will ‘be of %peégni applicat ion to.
the needs of today's; and ééﬁé??&ﬁ;;éiﬁ&é;iE and will he; in that :

sense, new. The principles will be iliﬁggiﬁtbd by exdmples in -0

" order to avoid the sort of frustrating vaguencss which often :
accompanics even the most respectable,recommenlations (this,  : |
‘probloii 501ving Ishoild] be the focus of school mathematics in the'

. 1980%st (1) - | - o
Nowsver, hoforc embarking au o talk intepded as a -

-

contiiliut ion to the discussion of how to achiewe a swccessful -~
‘mathematical cdiication, it would be as well tu make plain what
'ave ouF criteria of success: Indeed; it would be as well to be .
cleat what we understand hy shccessful ediication, Siice we would
then hé ablc to derive the indicated criterin by specinlization,

= $1
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cing that a suceessful education is

stal life. Howiver; there is a

lile is mecasured by aftluence and is wanifested by power il

influence over others. It is very relevant to wmy. thewe to recall

“that; when Queen Elizabeth was recently the guest of PFresident

a

and Mrs. Reagan in California, the 'successes' who weire gathered
-
o together to greet her were not Nohel prize-winnerz, of ghich

Californin way boast rewarKably waiie; but stars ol scicen did

tefevisioii. As thic London Tiwcs deicrilicd the occafian, “Qicen

e

dines with cellulold rovaltys 1t ws appargntly as<imed thit
the company of Frank Sinilra, cAbodying the Comcept of success
against which 1 am invelpliing, neild he abviously preferable to
that of, sav, Linus Pailing.
‘ The Redganisi Sinatvist \iow of Saccess conbribites a
. reil threat to the intcgray of editcation; for ediication shoild
certalnly never be cxpect™ to coidive to that kil uf success.

tional process; at the very teast, it allies cducation far too
tlosely to specific career objectives, an alliance which unfortu-
nately has the support of many parents naturally 56&?6&§ fur their
children's saccess,

W would replace the view we are rediecting by one which

cophasizes the kind of acvivity in which an individnal indniges;
and the wotivation for so indulping; ratherv than his; or her;

alication of the

accomplishment; in that activity, The
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Coptoasting onr view with that which we are

sech poner oved onpsetees, ot over other people; e sl
+

the howlidg

ol people] Ke

material roes

rachici oh

argument

by oy conteol of their lives
el ol e sinisterly, of theiv thoughts, -
-

A B |

1, and <Hould,

that cducations

Tead to o successhal life, so delined, tlorcover, wathematical

component ol cdu-

eduvation is
cativn,  Ihis n the one hand, ! vould

¢ and technology and thas vital te e

Jddevetopment of the cesonrees of the norld aonid

¢ two aspects of mathemativs, often rveferved to as pure
* . k]

ics, shoald bath be presc
a

ation.

-~

wplicd m

themat ics oda

wed;
Lot me end these introductery remavhs by velerving to a

Pt
mictice can contribute so much.
,

1 huon Fedge. Ke can anly be

we huow tleit we know it, A soand cduvatinn shauld ¢ ns to
distippitish betoeen what we know amd what we do not know; and it
’

- |

the understand-:
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is a deplorable ract that so miiy people todiv, including large

wumbers ol pseudositceesses bul filso, let us hduit, miany fembers

of our ven academic community, scei hiot to be able to mikelt
distinction. It is of the cssence of genitne matheRiticil edici-
tion that it lcads to understanding and sKill; shvit cits to the

acquisition of skill, without understanding, arc aften favorved by

seif-conlident pundits of ﬁdiﬁgﬁdiibdl edication, and the rediilts
of taking such short cats are sinpulaviy unlfovtuniate for iﬁé XU
traveiler. The victims, even If *successtul', e left ﬁibblibi&
in the position of nut knowing mathematics and not knowing they

. . -
hiow no mathematics. For most, however, tlfe skilt evajiorates or,

_if it does not, it becomes out-dated. No real ability to apply

quantitative reasoning to a changing world has been learncd, apd
the most frequent and natural result is the behaviour patte ér
known as ‘mathematics avoldance'. Thus does it ii#ﬁ;ﬁfié that

so many prominent Citizens exhibit both mathemitics aveldance aid
mawareness of ignorance.

criteria of success,

2. Trends in Mathematics Today

fhe three principal broad trends in mathematics today |
would chffracterize as (i) vaviety af applications; (ii) @ pew
unity in the mathematical sciences, and (1ii) the ubiquitons
;

prescence of the computer, OF course; these are not independent

- e om i o ee il L el - - 4-
phenomena; indecd they are strongly intervelated, but i€ is

o

S Sh e
to discuss them individoabby,

Joned |
O

O
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The incy Ation shuws Qtsetr in ¥ .
. . - on th
S . baic bocome “iiilecteds: 1018
from or oven , have become SHilected® . Thisg
is conspivnn I svienves, bt % also i -
It is hatewogthy
. that it is n bibity whivh five ooy
L s -
applicd to the soci gy we are sceeing the
. application of
algelra and combin
pivalicd in this p .
: tut another contributing factor to
. . ) o o B 1
viriety ot applications is the f ot
mathewatics,; liitherto regarvded impregnably | non being
) applivil:  Vlgeheaic peomeery is being applied to control th
- s SRR
and the
arve applivd to ¢co
to plivsivs: algobiiic
error copdecting codes:
applicd
the attitode
jt be avened fi mEthiomrt ical topics ¢
neglected by t o coitemplating o < pplving
mitics. € odirgee that should
virp distinction between moethods of pure awd applicd w
watics. Certainty snch @ i o .
greater attention o origen ¢ commiity; for the applicd
wathewmat ivian newds T wnders ¢ wetl the domain of validity
+ . - ”
- r
. . t e
- . -
11 ’
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* of the methods being cmployed, nid to he able tu analyse how.
stahle the results arc and the extent to which the méthods miy be
modificd to suit ncew situations,
more cavelully at what onc means by 'applying mathématics'. No-
body would scriously suggest that a picce of mathematiys be

stigmatized as inapplicable just hecause it happens not yet to

have bgen applicd. Thus u fairer distinction than that hetwecn
"pure’ and ‘applicd’ mathematics would scem to be onc hetween
"inapplicable’ and ‘applicable’ mathematics; and our earlier
section of inapplicablc mathematics and good mathematics is probahly
R _ . o . R U JE .
empty: However, this view comes close to being a suhjective cer-

- - — - - - R - - . _ [
iiot a singlc-stage process:. We wish ta_)tndy a 'real world'
prokilem; we form a scientific model of the problem and then con-
stract a matlicmatical wodel to reason ahout tlic scientific or

conceptinal model (sce (2]). llewever, to reason within the mathe:
mitical modcl, we may well fcel compelled to COnsSEruct a new
mathematical model which embeds our original model in & more

abstrict concejptial context; for examjle, we may study a particalar
partial differcutlal cquation by briagiiig to bear a genernl theory

of elliptic differciutial operators. Now the process of modeling

a mathomatical sitwation i5 a {@ﬁiégi- gﬁtﬁbi&tichl'}iacess. but it
is apparently not conflned to pure mathomatics! Indeed, it may

well be cmplrically true that i€ 15 wore often found 'in the Study

of applicd probicms than in research in purc mathematics. Thus we

.
- »

. 12
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-more vociferous advocates:. For our purjos

be broad cnough to include parts of mathematics applivable ta sene
arca of mathewatics which has already been applicd: aud; sccond;
that* the wethods of pure and applicd mathematics have iwach @more iu

common than would be supposced by miyone listening to sowe of thcir

Al

S wow, the lessons for

thig-trend in

mathematics ediication to be dr

™
z
=
-
=
=]
S
-]
=
o
-~

yematics arc twofold: firse, t
. hY

#3ized_in the teaching of

ﬁpi’) iéd~iiii(iii‘iii3ﬂ ;l(:ii siloui(i not be éﬁjiii

matlicwatics, aiiil, second, opportuniticd to prese

es it applications
shiould be taken ivlicrever approprintd /Wi ®_the
S ' g :
curriculum, - %_ S

Tlie seccond trend we have' identified is thit of a new
uiificatioin of mathematics. Tﬁiglkﬁ Ulétﬁﬁﬁbﬂ.éi some tength in

[3], so we -will ot go into prcat detail here. We would oniy wish
» - . . -

to add to tlic disciission in [3) the remirk that this ne
tion is clecarly discernible within mathématical rescarch itseif.

. . Y S .
e
Up to ten years ago the wost‘chnrnc(crlstxc feature of this rescearch

was the 'vertical® development of :autonomous disciptines, sowe of |

which weve of very recent origin. 1hus the community of mathe:
matitians was partitional into subcommnitics united hy a common and
rather cxclusive intercst in a fairly narrow arca of mathematics
(Figebraic peometry, aigehraic tapology, homological algehra,
category theory, commnative ring fheory; real mnalysis; complex

analysis; summability theory; sct theory; ctc.; ctc.). Indecd;

some would arpne that no real community of wathematicians existed;

since spc¥ialists in distinct ficlds were barcly able to commumicate

H - -
. v
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with each other. 1 do not lmpute any fault to the system which
_provalled in this period of remarkably vigorous matliematical
growth:--indeed, 1 believe 1t was historically inevitable and thus
‘correct’--but It docs appear that these autonemous disciplines
are now being linkcd togcther in such a way that mathematics is
being reunificdl We may think of thls development as ‘horizemtal’,

as opposed to 'vertical® growth. Examples are the use of com-

mutative. ring theory in combinatorics, the usc of cahomology theory.
in abstract algebra, algebraic geometry, functional analysis and
partial diffcrential equations, and the use of hic group theory
in many mathomdtical disciplines, ia relativity theory and in
invariant gauge theory. = . R

1 believe that the appropriate cducation of a contemporary
mathematician must be broad as well-as decp, and that the Iesson to -
be drawn from the trend toward 8 newsunification of mathematics i
mast involve'a similar principle. We may so formulate it: we

must_break down artificial barriers between mathcmatical topics

throughout the student’s mathematical educatiow.

Y

Thie ‘third trend to which 1 have drawn attention is that

of the g‘ér'\é'l;:ii nvixiiiiﬁiiii}; of the computetr and J‘E.: rolc in actual
- -

changing the face of mathematics. Thc computer may cventually tak

aster can be avoided; in fact; leg us assume further; for the -

purposcs of this discussion at any Pate; that tF. computer plays




-10 - . N\

. ; -
— - - - - - _
e co nuter is changing m mothematics by hrlnuinx cer;aln
it &

is &ven cans iﬁﬁ iﬁtheﬁatrc|nns to

e .

toplcs hﬂo chntcr promihé fice-- 1
. create new arcas of matié atics ifﬁé theo ory of cnmputntlonnl

. complexity, the theory of aitomnts, mathemntical cryptolopy). At

the same thj?it is relicvlng is of ccrtnin tediotis nspcgtc of

s ~

more agcurntcly thnn we can., It mnEes it posslhlc rnpidl and

pannlcsslv to carry ott ﬁuﬁéifcal work. so thnt we _may ac company

our analysis of a given problem with the actunl calci iﬁilon of

The Lomputcr is especlnlly ndept at solvlng prohlcus Involvlng

~ v

“iterated procedures. that the mcthod of successlvc npploxlna~
tions (iteration vheory) tnke§ on b new prominence. On thc, othier
hand, the computer renders obselete certaln mathemitical ’ti-i:liiiliiii’es’
whlgh have hitherto been promluent In the curricnlum--a snfflc!cnt
examplc is furnished by the ;tudy of technlquc:"f lntegrntlon.

Therc is.n great dcbatc raging as to the impact whlch

the computer should” hnve on the curriculum (see, for cxample, : ~

161). Nithont taking sides In thls dcbate, it ix plnln thnt there e

should he n noticeable impact, and that every "topic must hc examined . ..

to determine lts llkcly usefulness In a computer age. It is nlso .

-

it prcpuros the student to usc the computcr and_to-umder

mode_of operation. We should inciude in this understanding a

reslizntion of 7its scopec and its 1imitations; and we should ahandon

)

O
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the fatuous idea, today so prcvalcnt in cducatlonal theory and

practiéé that the p.incipat purpo«e of mathcmntlc-l cducntlon is

to éﬁiblc thé Ehtld to become AN effcc(ive computer cven if ncprivcd

of all m&hii\’lénl aids!

Let mc elaborate this paim with the following tahle of
t65ﬁ§ii€665; On the left l listahumnn attributes and an thc right
1 list the contrasting attr:butcs of a computer whcn usea as a e

éé{éﬁiétiiigéﬁilié. I stress this point becnuse 1 must empabslzcif

that 1 am ﬁét here thinilngJo? the computer as a researc§ tool in

the study of artificial fntciligence. 1 should also add that 1
am talknng of contcamporary human beings nnd contempornry computers.
Computers evolve veéry much faster than human beings so that their

characteristics may well undergo dramatic change in the span of a

human ligetime. With these caveats, let” me display the table.

R

lNlumans ’ éémﬁﬁtérs’

caﬁﬁﬁté slowly and inace rnter. o Compu rs<: and nccnrntely.

Get distracted. -t Are rcmorseless, relontless
o : and dedicated. ,

T Are lntcrcstcd in many things at- Zﬁlwnys conceiitrate and CARAOE |
the sumc time. - . be diverted. '
Sometiﬁbi give up. STl T . Are lncurnbly stubborn. o
Arc often iﬁtélligcn&,and under- Kib ﬁiﬁﬁlly peﬂantic and
standing. rither stupid.
jlave idcas and imagination, make 7'Cnn exccute 'Il...tL?E'
lnsplrcd guesscs, think. . instruttlons.

ﬂﬁﬁ&ﬁ—iﬁﬂ—ééiéﬁ%é%—i%ii{Eﬁtéi . B

.

It is an irony that we secm to tcach mathcmntics as iF

our objective were to repluce ‘each human attribute in the chitd by

- 18
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the coriesponding computer attribite--and this is a society *
;N

. nominally dedicited to the development of each human being's indi-

vidual capacitics. Let us agreé to leave to the computes what the
computer does hest and to design the teaching of iﬁtﬁéﬁétiti as a

- generally ﬁﬁﬁdﬁ'ééii§1i§. This apparently Bﬁéiﬁgg principle has
f:iﬁikdﬁi? significant conscquences for the design of iHE,&i}Fiéﬁ:
lum; thc topic to which we now turn. ‘ - .
3. The Sccondiry Curricu)um

Let us orgaplze this discussion aropﬁa iﬁi “}ﬁ and Out’
principley That'is, we will list the topics which should be ‘In’
or strongly emphasized; and the topics which should be 'Out’ or’
very much iinderplayed. We will also be concerncd to recommcnd of
castigate, as the case may be, certain teaching strategies and
styles. We do not claim that all our rccommendations are Qiiféiii
lé;ﬁiéﬁﬁﬁid?}. in the scnse iﬁéi they are i?;ﬁﬁﬁiii to the current

n

those devoted to questions of ‘teaching practice, are of a lasting
nature and should; in my judgment ; have been adopted long since.

We will present s 1ist of 'In' and 'Out’ items, followed
by commentary. We begin with the 'Out’ category, since this is
more likely to claim general attention: and within the ‘Out® cate-

gory-we flrst consider pedagopical techniques.

~
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. Out (Secondary Level) "

1. Teaching Strategies s

"

Authdritsrianism.

Orthodoxy.

2l

Pointlessness.
Pie-in-the-sky motivation.
Tedious hand cacluations.

*  Complicated trigonometry. ' '.
tenrnlng geonetrlcsl proofs.

Logarithims as calculating devt&éi.

e -
-

Commelitary .

< ﬁiéi-é should 'isa fio iiééii to say anything further about
lhe evlls of suthorltnrlnnlsn and potntles:ness in présentlng
nsthenntics. hey alsflgure s$o msny tenchlng sitontions ind are ;
responsible for the common negntlve nttltudes touards.nathémutlcs

uhlch rcgard it as unpleassnt id ﬁ§§l§§§. By orthodoxy we lntend

larly harmful in thc teachlng
ﬁaﬁdeifﬁi séa&%a éF iééii and o

responses to vlrtnnlly nonningless propositions. . .
’ S S
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rointlessness mears unmotivated mathenatical process.

By 'pie-in-the-sky® motivation we refer to n form of pscudomotiva
fFied

tion in which the studen At 'is sssured that, at some unspeci

ome clear uhy the current pl ce of mathe-
mAtics warreits learning. Thus we find mich algebra done becanse
it will be useful iR the future in studying the éi?féréntiﬁi and
lniegral rﬁltﬁlﬁ§--jﬁ§t as iuehgftrun;e arithmetic done/xt the
elementary tevel ciin only be justlfied by the student'¢ subsequent
exposure to ul;ebra One. nlght perhnps also include/aere the habit
of prescutlu; to the studeﬁt appllcntious of the uuthcmatlc« helng
learnt whlch could only interest the student at ;7Iater level of
*dtufity; obviousty; If an iﬁﬁiibitiBn 15 to iBtiiité a stﬁdbniii

calculations have obviously been rendered obsolete by the availa-

. bility of hand-cnlculators and minicomputers. To rctain these

: ;ﬁﬁiiignﬁ"tF5VE§ti6§ of mathematics in the curriculum can be

explaincd only by inertia or sadism on tie part of the teacher
Eaa Eﬁrriéﬁiﬁﬁ ﬁinnner. 1t is iiﬁBrtnﬁt to retain iﬁb tri§6663 :

their basic identities; but compllcnted identities should be elin-

“inated and tedions calewiations reduced to a minimin. Wladerstanding. -

geometric proofs is very important; inventing ope’s own is a

splendid capericnce for che student; but memorizing proofs is a

e
suitable occupation only for one contemplnting n monastic 1ife of

: extreme asceticism, Much tine is currcntly taken up with the~

“student prucessing n mathemntical- cxpression which came from

1]

19,
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Y [ R
nowhere; Involving a combinatlon of purentheses, negatives, and ™

fractions; and reducing the expression to one more socially
acceptuble: This is absurd; but; of course; the student must
learn how to substitute numericai values for the variables appear-
ing in a natural mathematicul expression. .

Let us wow tarn to the positive side: Since, di our

first recommendation ‘below indiC§tE\, we aré proposing in inte-

]
]
~

ted ﬁﬁiaiih to tlie curriculum, the topiés we 1is€ &ré rather

r a o
of the form of modules than full-blown courses:

In (Secondaryg Level)

-

1. Teaching Strategiés

An lntegrnted aﬂproach to the curr:culun. stressing -
the interdependence‘of the various parts of mathematics.

Simple applicatlons. h
"X;.oricnl rcferences.

Flexibility.

Exploitation of computing Siiiliﬁiliii.*

equations and lnequaliticq)

Probability nnd,;tatistics.

e

ERIC

Aruitoxt provided by Eic:

Approximation und :

Iterative pProcedures, successive approximation.
Rational numbers; ratios and rates. oo
Arithmetic mecan und geometric mecan (and harmonic mean).
Elementary number theory.

Paradoxes.

| 20

Y

etry_and Algebra (e.g., lincar and quadratic functions.




O

ERIC

Aruitoxt provided by Eic:

L -

. language. )t thus.réflects our

-

.

with iééﬁgtiv§6'iédbﬁiﬁﬁ stiategies, our most significant
recommendation is the first. (1 do not say it is t!2 wost import -
and; but it is the most characteristic of the whole tenor of this
article.) Mathematics is a unity; albeit.a remarkably subtic one;

and w¢ must teach mathematics to stress this. 1t is not true; as

some claim, that all good mathematics--or cven all applicable watlie-

- matics--has arisen in response to the stimulus of problems coming 1

from outside mathematics; but it is true that all good mathematics

has arisen from the then existing mgthematics; frequently; of course;

_.and_the pr

under the impulse of a 'real world probiem. Thus mathematics Is

lence to its truc nature by separating it--for teaching or research
A ) .

ﬁééﬁiéii‘y I\iﬂ,\‘s a Ei\'éfiﬁi i'éié iii tliﬁ iiisiory CE iiiiiﬁiiii iiiaﬁﬁiii;

represents man's (and woman's!) primary attompt to redice thie com-
plexity of oiur thirec-deminsional ambicnce to one-dimensional

A t in the world around
us, anl it very.existence testifies to our curlosity and our search

for patteris and ofder in apparent chaos. We concliide that geometry

is a natural conceptual framework for the formulation of questions

tion lof results. -1 is not, however, in itsclf a
questions and ﬁbﬁiiiiﬁﬁ‘géiﬁiii. This role Is

method of answering

v

;preeminently played by algebra. [f geometry is a sonrce of ques-

tions and algebra a means of answering them, it is plainly
ridiculons to separate them. liow many students have suffered

’ B N 777;777 I
through algebra courses; iéitnﬁng'np;hods'of solution of problcms

v
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‘not oni;"io avoid tedious calculations but also In vcry.positive

coming from nowhere? The result of such compartmentalized
instruction 1s, frequently and reasonably,-a sensc of futility

nnd of the pointiessness of nnthematics itself.

s

: Fﬁe good sense of including applications nnd where

Hﬁainpproprintc. references to the listory of mnthemntics ls surely

self-evident. Both these rccommcndations could be included ln a
broader interprotation of the thrust toward an integrated curricu-
lum.” The ﬁﬁﬁiifﬁédtidn that the applications should be Eiiﬁle ij
intended to convey 56&5 that the iﬁﬁiicﬁiidﬁi should not involve '
sophisticated scientific ideas not available to the students--
this is a frequcnt defect of traditional 'npplicd mnthematlcs'-- .
and thnt the applications should be of actual interest to the |

student, and not merely important.~ The notion of flexibility"Tih

regard to the curriciium is ipherent in an integrated pproach; !
iE ii SB;iGBEi} inherent in the. ESEEEEE'BF-EBBJ iéﬁéﬁiﬁﬁ. LEE

7777777777 iy

'confident in his. or her. mastery of the mathematica] content.

.

Fxnally; we stress as a teaching strntcgy thernse_of th; hand-»

calculator; the minicomputer ‘agd; where appropriate; EES*QSBBEEEE;;'
ien C

an}; éeftainly we include the opportunlty thus provided for '; p

doing actual numerical examples with real-life dnta, andﬂjhe need i

to re-examine the emphasis we give to various toplcs in the Qlighto
of computxug pvailnhxlity. We men;ion here the#matter of&cpmpntcr
alded instruction; but we belicve that the advantages of this

‘_jhc computer dcpcuﬂ:zery*much —an>local clrcumstances,;..a

more 1ikely to arise at the elementary levdl:

22
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“*machine’ Janguage for today's student.

WiUh regard to topics, we have already spoken about the
1ink between geomctry and algebra, a topic quite large enough to ..
ﬁé?ii Eiibﬁﬁiiié ﬁitibii. The next two items must be In the cur-'
iitﬁlﬁh simply becausg no member of a_modern |ndustr|nlized
society can affotrd to be lgncrant of tlnese?suhjects; which con-
stitute our prlqclpal day-to-day mcans of bringing quuntitntive

reasuniing to bear on the world nround us. Ne point out; in X

I A

additiou. (hut npproximatlon and estlmntion technlqucs are Essentla}

-
o

o
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to Eéﬁéidi‘resnlts on the convergence of sequences and serios, qbd
much morc on questions related to the rapidity of couvergesice a_ﬁdj
a . -
e R
the stability of the Iimft. This applies even more to the tertiary

level. liowever; at Eﬁé 766668;} iéiéi; wé shoild be emphasiziag

1 adapted to.computer

ax, + b, converges td = fI£-92 < 1 and diverges if |a] > 1.

(For one application sec {4]).
notion of proof and definition by induction shiguld be recast in

-

R

The next recommendntion is integracive in nnture, yét

~it refers to o change which is long overdae rrnetions start life .
: ] * . L gl

as parts of wholes aha. at a certnin st hﬁé; ééﬁé t6 represent
L

amounts or wessurements snd tlierclor e numbers. llowcver, th

o
-y
E ]
-
-
o
£
-

not themsclves nimbers; the numbers they represent ar
-

e
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numbers. Of course, one comes to éﬁéﬁk of thewm ﬁélﬁﬁﬁﬁéii,iﬁﬁf

by nndcrstanding the precise vnturq of fractions (see [5]). If
rational numbers are expliciily introduced, then it hecomes un-
necessary to treat ratios as new and distinct ynantities. Rates
also may then be understood in iﬁa context of ratios and dimensioun
saalysis. _llowever; there is a further aspect of the notion of

rate which it is important to include at the qéESEJEF; level. 1
refer to average rate of change Sﬁa* in pnrtlcular, average specd.
TﬁE-ﬁEiﬁEiﬁi;S of grammatical construction suggest that; in order
to understand the composite term ‘average speed’ one must under-
stand the constituent terms ‘average' and 'spocd’ . Thisyis quite
false; the term 'avcrage 35533‘ ig-aﬁéﬁ more clcnentary;?ﬁin either
of the terms 'average’; 'spced’; nnd is not; in fact; th 1r 66566-.
site. A discussion of the abstractions ‘average’ and . 555&58; at

the secondary level would be valunble in itself and an excetlcnt
preparatxon for the dlffc?éntia] and iutegrul calculas:

Rclated to the riotion of average ts. of course, that of

arithmetic mean. 1| strongly urge t hnt there be, at tlie secondary
level; a very full discussion of the aritlimotic; pcometric and .
harmonic means and of the rolations betwcen them. The fact that
the arithmctic mean of thy won-negative quantities E;; 8y, +iss

iﬁ'is never iéiﬁ,'ﬁﬁﬁ fﬁbi geomect ric wmean nnd thnt equnlity o
n =0 o

occurs pr;cisely when al = Ei = ... =0, may bc ssed to obtnin

many waximum or minimum resulfs which are tfaditionally trcated ns
applications of 'ﬁé,ﬁifféréﬁtiﬁi,éaiéﬁi*" of SEvérﬁl'éﬁriﬁhias---

a point made yory effoctively in a rocent book by lvan Nivon.
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?iﬁﬂiiiﬁﬁdii}. fiuctidean reometry has been held to
justify its phice in the secondary cirvicilim on the grounds thit

t teaches the student logical reasaiiiing. This may have becii triie

e

in seme Ilitonic academy . What we can obscyve cmpirically taday

is rhat it :;ii’rviw’s' in onr curriciiliun in virtually, total isot l.ntiiiii
from the rest of wathematicsy ehat it is not pursued at the wni.

vcrslty; and that it instils; fisall but the very fei; not i

fidir for logival ;éiiaﬁiﬁg bﬁt distn<!c for geouc!ry; a Eééiiﬁﬁ

of ﬁéiﬁiléi%ﬁiké; and a fnﬁxliarlty with Failure. Again; it would

take a scparate article (at the very lcast) to do justice to the
intricate question of the role 6! “synthetic gcomeery i the

Euiﬁibﬁiﬁﬁ . lere; } wish to propose thut its hypathicticil iole

can be assumed hy a »tudy oF elemcntnry number thenry, where the

ax bmntic system is so muqh less complex than that ofr plaie

sucud*wmmry; Moreover, the integers are very ‘reil' to

and; potentially, fascinating, ﬁesuiiE ¢an be obtained

'y disciplined thsapht; in a fow lines; thnt o higli- %pecd computer

tould obtain, Wilhout !he benefit of huwan annly<i< jﬁ the

‘tudent's 1ifct ime ((7'" )12 5 1 mod ll) or tourse, log.cal

easoning should also cuter into other purts sf tlhc curriculym; E
£ course; ton; syiithetic proofs of geonctricil propositions shoutd

ontinuc to pliy a part Jn the teaching of geometry, but not at
he expense of the principnl role of geometry s a sonice of
ntultion and iispiration and as a means of interpreting and

ndcrstaudiuk alkohrnnc cxpressions. °

My [iidl nccommendhtion is al«o directed to the need

w prpvidluk wlnmulns for thought. ucro 1 nudtrf?ﬁﬁﬂ. by a
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paradox; a resolt which conflicts with conventional thinking, not

A vesalt which is self-contradictory. A consequence of an effect-

ive mathematicsl education should be the inculcation of a healthy
scepticism which protects thé individual against the blandishments
of self-serving propagandists, be they purveyors of ﬁéifﬁiéii
toothpastes, or politics. In this sense a consideration of

paradoxes fully descrves to be classified as applicable mathematics!

An example of a paradox would be the. following: Students A and BT
just submit to twenty tests during the school term. Up to half
term, student A had submitted to twelve testl and passed three,
while student k had suhmitted to sSix tests and passed one. Thus, -
for the first half of the term, A's average was superior to B's.
th the second half of the term, A passed sll the remaining eight
tests, while B passed twelve of fhe remaining fourteen. Thus, for
the second half of the term, A's average was also superior to Biss
Over the whole term, A passod eleven tests out of twenty; while B
pnssez/;hlrteen tests out of twenty, giving B a substantially bet-

ter average than A, o e

The Elementary Curriculum - _ .

This articis (like the taik itselfi) is nlready. -
Sé;;iiéﬁ\i;i;ié;

‘tnordinately long. Thus I will permit myself to

with my commentary than in the discussion of the

experience. 1 will again ofganize the discussion on the basis of _
b P : apiy

- v

the 'in' and 'Out™ format heginning with the *Out’ list: - -

l¥\

| -
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t Out (Elementary Level) '’
1. Teachiip Striteples -

Jiist as for the secondary level.

2. Tﬁﬁlc'

lmuhasls on addition. subtraction, division and the
o:dcr relation with fractiqns. .

Visproper work with decimals.

“’CBﬁﬁbﬁiiiz

The remarks about teaching strategies are; If anything;

. even more tmportant it the elementary level than the secondary level:

For the damage done by the adoption of objectionable teaching

strategies atjthe clcmcntnry level is usually inerndicnhle. and

creates the mass phonomenon of ‘math avolidance' :so cnnspicuous in

,prqscnt-day socicty. On the other hand; ong Wight optimistically

Mope that the student who has received an enlightened elementary
mathemntirnl education and has an understnndlng and an experlente

of what mathomntics can and should be like may he hetter'ahle to

survlve the rigors of a traditional secoudary instructlou if
ﬁﬁ?Biiﬁﬁﬁié cnough to be called upon to do so; and real{}e that
it is not the bizarre nature of mathematics itself which is respon-
s1b1é for his, or her; alicnation from the subject as tmight:

With vegard to the topics; | draw attention to the
primacy of multiplication as the fundamentnl arlthwotlical operation
with fratt|0n< For the ﬁoiiiﬁ of fructions is embedded in oir

%l ) : ) .

2w
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language and thus leads naturally to that of a fraction of a fraction:
¢ The arithmecical opevation which we perform to calculate; say, gni‘

we Jdefine to be thjsirndnct of the fractions CunCéinPd. Some

.

-

?:

work <huuld be done with the addition oﬂ-cle-entnry fiartton*. biit

only with the beginning of o falrly systematic study of elementary

probabillty theory shoald addition be ﬁiv&ﬁ much préiiﬁéﬁéé:

lncndentally. it is worth remﬁrkini that in the litter Context, we
generally have to add Fractions which have the SAme JGAOMLABEOF--
unless we have been conditioned by prior training mindlessly to

rediice ahy fraction which comes Iﬁt6 bur ﬁaﬁds;
[ R I . .
libiﬁﬁé First, |
dcplorg prob ems of error by

nisnlignuent. Decimals represent measurements if tvo ﬁéﬁ§ﬁibi§ﬁi%

.

are to he added iﬁby must 56 in iﬁé same units, and the two
measuncments would have been made to the sime degree of accuracy.
Thiis the proper problem would have been 13.70 + 6.83, and no dif-

fnculty wﬁﬁld have been encountcered. Second, ! deplore problems

of the kind 16.1 x 3. 7, where the iutended answer is §9.57. 1In

no reasohable circumstances can an answer to two places of decimals
be justified; indeed all one can say is that the answer should be
;BEEQEEH 58.58 and 60.56. Such spurious aLLuracy is uisleudlng and
counterproductive. It is probahly en(uurngod b) thc usual
_algorithm given for nultlplying decimals (in pnrtluulnr. for .

locatlng the decimal point by counting dipits to the right of the

decimal point); it would be far better ‘to place the decimal point

by estimation. €

ERIC
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Again, we turn to the positive slde.

In (Elementary lover)

1. Teaching-Stratepies

As for the sccondary level.

Lmployment of confidcnt.'cnpnhlc and cuthusiastic

- tcachers.

2. Topics : ' . ;
Numbers for counting and ncasurcnent--the two _

. arithmetics. 2 . -
Division as a mathemstical model in various contexts.
Approximation and estimation.

Averages ahd statistics. ‘ L
Practical, informal geometry.
hromctry aud mensuration; gconetry and pruhnhlllty -~
{Monte Carlo wmethod). .
Ccumctry and si-ple equntione wud incquniiiiéi.
Nc;ativc nnﬁhers in -eaxnréméﬁt. vector nddition:
Fenctions and ele mentary probnbiiiiy thcnxy. ' .
Notion of fiiite ﬁigaritﬁi Giid vecirsive defiiition
{informays— : .
) ) ] . .
Commentdiy ~ - -

Nome miy object to our inclusioin of the teacher i‘i'iiiiii'é-

ment among the 'teaching stratepies’--others may pclhap% object to

its omission at the secondary level! We [iid it appropriate,

indecd nevessary, to include this desideratum, not only to Stress

¥
1



" _ .G

A how absolutely essentlal the gond teacher is to swccess at the

elementnry level; but ulso to indicate our disngreement with the

certain ccrtlflcation procedures in the United States do not

§étjéét the prlme lmportnnce of mathematlcnl ;ompctenco in the

‘ armoury of thc Rood elementary teacher:

We close with a few brief remafks on thc topics Iisted,
1t is 66 extraordinury triumph of litiman thought thnt the same .
system can be uscd for counting and measurement--hut the two arith-
matics aivergé in esscntial respects--of course, in many problems
both irithmetics are involved: ﬁéaéﬁrcmcnié cre-inﬁercniii
iﬁprécise; so that the arithmetic of ‘measurement is the arfiﬁneiic
: tion. VYes, z +2 = 4 in cOUntin§ arithwctic; but 2 + 2 =
ith a probability of 3 if we are dealing with measurement.®
The scparation of division from its context i§ an .
appalling feature of traditional drill arithmetic. This tople has
becn discussed elscwhere (ﬂ. here ¥°t it siffice that the solution
' to the division problcm 1000 + 12 should dcpend on thé context of
the prohlem nnd not the grnde of the studcnt. ,‘ e

the secondary level. Here we show how gcomctry nnd grnphlng can

'lf AB = 2 lns.. and BC = 2 lns1. ench 1o the nearcﬁlflnch. then
At = & Jns. to the ncarest inch wlth a prohahlllty of 3/3. .

i

ERIC
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and should be Jinked with key parts of elewentary mothematics.

We recommcnd plenty of experi ce with actual iﬁtér!ﬁls (e;g;;
folding strips of paper to make regular polygons and polyhedra),
but very Iiiiib in the way of gbaiétrlé praaf’ ficiice we récauiénd
practical, iﬁiaraai-geaaetiy; iitﬁin an integra:ea curriculam:

numhers, and to teuch the addition nnd subtrnctlon of Integers--

ﬁBiiﬁEiiBﬁ 6566ﬁd§. The nultlpllcntlou of negntlve nuibé?i (1ike

arithmetical operation on fractlons. The othei operntlons *hould

be dealt with in context--nnd probnhillty theory provldes an

excelient contcxt for the ldditlon of fractions: It 14, However

not legitimate to drag a context in to glve apparent justlflcnti n
‘for the inclusion, nlready decided on, of a given toplc

The idea of a ‘Finite algorithm, and that of a recﬁi tve
definition: are contral to computer programming. Sich ldeas will

necd to he clavified in the mathematics classroom, since nowhere

L L o JE e . .
“else in the s¢hool will the responsibility be taken. llowever, It

is reusonahlo to hope that today's students witl have hecoue fnnlllar
swith the «onueptnnl aspects of the computer in their dnily\(lvos--

‘untess commercial interests sncceed in presenting the microcompiiter
as primarily the source of arcade gumes. .

But' this is just onc aspect of the generi malatse of
our Contemporary society; ond descrves a mich more thoroigh treat-

ment than we can give it here. 1t is time to rest my case.

. 0
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-utual rupcct !or that diversity. What luq een most rsfrashing to discover

‘ ‘Staphen I. lxovn e

Ststs University of l!w York st Buffalo -

7
'

1 - Some Personal Rustnstions

As Pster Hilton lndlclnd in his address two anyn ago, xhn .roup is’
Y o
nnhony to ths fact that though nndnnpua’ "n{l" 1s not unucx. It

slso hovcvnr is tsstimony to something wors prﬁm--xo the hct that smell

is nox lnco-paubu vith dlveulxy of polnx o! vlw. .na wors lmrnntly vith
/

is that thers is graatsr vithin Iroug ai?iir'iiii -iiiiiii sathenaticians, mathe-

matics sducators; and achool teachsrs) than betwess such groups.

1 suspect that thie eddress will nvul ycx snother kind of diversity and
sven incompatibility for which thara way Ec nllghxly less tolerance: muly
inconsistencies within the individual: Thas prohlm (to uss s word xh“ vill

invite you to view whet 1 say racurs 7voly) 1s that 1 have ehought sbout the

subject matter of this telk ?or & long time. As & mstter of tact, tie firat

srticls ;n vhlch, -y couen‘guc; Marion Wa IEnr. end vantuud into xhn nrrltoty

and Brovn. 1969) l‘urther-ore,
I

vith the ssme theme 1n FIM (Brown, 1981); bat oumnklnl is sbout xé eul-lmn

in s bool: thet dravs xugcther a acénd""'*i\a s hnll'n worth of pllylng a ound with

xhc ldu o! problcu Eeneratlon (Brown snd Irlnr, 1983).

*Tuis paper ias s wodiffcetion of an niii! del!v.god un June 10, 1983 for the .

Canadian Matheaatics Educacion Study Group at the University of British colulbl
in Vancouver, C¢nldl.-_ .
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w-wx\wi"mﬁﬁﬁifﬁ'?ﬁ?f a9 ons of prov!d!nn aome novelty such that 1 HIII

e tlbl!uhlng over a con-lacrlble Pl!lod of time,

oot be bored by yet one more forasy into s t!eld thniglfhav1 had n hand 71”_

1 could of course add a lnl!l

nitch to that llrendy eutaBl!ahed tradition. After conaldersble reflsctioi
ﬁiiiiéi, 1 have decided to try something more perlonllly cﬁlllenglng. I will

reconstruct for you a !lrgo portion of the entire terrain,” but I will lttiiﬁi

to do so throngh a new set of lensas. Though I ulll occas qnglly rcproduce

:stegory diutfncu&onn iﬁa examples I have prev!oully Buv!lcd I will be. lpproach-

Ing much of what looks Iiks repat!tlon from s negw enough perlpect!ve 20 that you

111 have the Bbporiﬁhlty to help une.rth for me not or only new potent!ll. bat :ho

xistence of lnconulltenclel 1 have slluded t5 enrl!er. For thoms of you iﬁi sre
smiliar with whae ) hnve.prlv!ounly wrfteen an

yatery, I recommend that 9%6 focus u upon my comments desling with -orillty and
ith the relnz!onuhlp of a problem to s l!tuatliﬁ.

1T - The Rhetorie of ;iabxm*vm’ ring

Though 1t uas niot my original intenttsi ,Eo integrate this preantation with

rter Hilton's; f1¢ furns out thst s coup!e ol gratultous reuarkl of problem solving
—

the end of h!a presentation provide = nlturul entree for much of vhnt 1 have *

-
L)
o

<

.

To beg!n. he points out correctly thlt one doeln t -arcly lOlv. proﬁlell
the lbstrnct- rither one solves lpec!tic problenc. tiis po!nt then 1a thlt ons

8 to know thlnga lnnd preterlbly s lot of th!ngu) before a/he can molve problams,

d that e 1 & mlntaie to engage peopla th problem solving behavior Defore they

ve acqn!red some healthy repertoire of knouledge. The fmplication 1a Eﬁii we "
3ht be bettor navlned to familiarize Btudent- with s aubutnntlll adount of

’hennt!ca be(nre ue engage them in lolvlng problems, ° -

It appears to ma thnt he hos arrtvsd at & non sequitor based upon s premise

- . -



- 3] -
that 1a lugically corrwct. ‘that fa, 1t certninly s true that one duown't snlve

iiiiliiiii “in general.” If 1 awk you what proble- you nu trylny, to -olve. sid

you reéspond with, “I'a nut Vtrl;ylns to solva any speciflc piéblem st all. I'ms

Just aolving iiiiiiijé;i in gencral,” I might have good roamon Eo douBE not that -
you may be s ;ood problem nulver; but rather that you uﬁdiiirnna thn moaning

of problem solving in the llrlt_plu:e;

But to way that one solves problems by vorking on spaciflc “things,” doss
not iwply that thoss “"things' themaelves are acqulroa;; Eiiiiij indspendantly of
problem soiving. That 1a; the pictars Patar IlIIEon liaa conveyed ia that iii;.
following sre logicelly or temporslly ralsted from left to right. : N

" Being filled up N
L with knowladge :-§ .problem solving

il;ii; it may be troe Elia€t a "thln;" (call 1t knowlcdge if you wish) is
nueded as 8 precequisice for iolvlﬁi iiﬁBlEii; it ia I Lelieva a fundaments)
pedagogicsl srror to act s If thoss "thlnsu can ever ba scquired much as sn
empty vesael csn be filled up. Cb-ln; to know" snything 1s radicelly Ei&u;;n;
from being f11led up snd th for-er shares aoas fmportant slamcnts with tha
activity of problem uolvlug. Pﬁili I wiil nnt be ablas to “E;;Ws“ in what
"follows that thia dlagram sbova la ®asentislly wrong, I hope to suggsat enough
l.hrough a cn-BliiiilBii 6! logical analyais and cncouragement to j;i; me in intro-

-pectlon on past lnrnlng experiences ao tlut one nf us can o;;;lid;ii; find &
carefal way of accurataly depicting tha relutioniip. A pointing in that dirse-

tlon will !urnlnh the imclq;rouuld wunic for much of what I will be nuylnx-

I f1id Peter llllton s other comment witi ugnrd to problen inlvln; nmi chis

éﬁi’i’iiﬂlﬁ more compatibla with much ol shat I belicve to bs tho- case, tlwngh

Ii ilio ll fn ueed of repair., lla cosmenta that s u)or .Ill“cnl[y uiﬂi thi S

present aducstlonal tnterest in problem soiving i thet it focunos attention
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"8t the wraug spot with regard Eo fnqulry. That s, It leads us o focus un
snevers or sulutlois rather elian opon quantions. Thuigh ive may be correct in
e - - - T
terms of exlaciig practice; and he does cnpturc nn important truth, tho situ- ?,,~

stion 1n eram of thio loglc and the potential practice of problem solving in

-

3 would acea €o varrait. Huchi of uhat follows will be sn effore to ;;f»iSEi ths

sstite of Cie iiiii-i-i-i-,’iiiiliiiiiiiii;’ and the independence of prublem sulving and

problem gencritliig, - . : ;
In preparation for pruviding such linkages; I would 1iku to dwell s 1ictls

.Xonget on prubles solving per_sa. By the end of this ssctions the compelling - - o
nieed to ralatc the two will begin to aerge. | ‘

A Gitees of 3 cancury a#o, €. F. Saow accaracely poinced out how lietle
the two cultiirea=-roughly the sciences snd the humant tiea—Kave 1satied E0

* undarstand earh other and tb gain from the Viudom they each hale to offer.

L4

Betwiren the two a_gulf of msutual #ncomprehe
and_dinltke; but_most of sll lack of wnierstaudliig {cmvrgesl. They have 1
hus_cdistorted lomage of cacli_other. ;. . .non=scicitlits tend to
lenfists as_brash snd bonstful. . . ,[Thay) Liave a rooted
fon_that the scientiste are ihinllouly ojit Inlstlc, unawars of
condition. On the other hand, the Grlentists belleve that the
ry_incellectuals are totally lacking 1n furesight, pecullarly +

uncuncernad with cheir brother men; in a deécp wense anti-intellectoal,
anxluus to restrict both art and thicight to ths exIstential momviit, (p._ 12)

1oii--somct lmes . . Llontility

Not only aro thelf problem solving style diffetent; biit more mportantly
there are divergent views un what it weans for aowsthing to be n problem In thio
first place; os well as what 1e weans foF nomcthilig to be solved. We alall apell _
gut explicitly some of these differences Tatsr on, but fur the moment, 1\ s wrth
%é;;ing that as a profession, Eachematics education ls almost by dofinition bound
:?5 the schizophreiia Atate of igaiéiiiiii for awd creating ihe "Snnw-cnppetl"li;ild:goué

for mathemativii 15 more clowely alfgnod with the culture and world view of mcience

=

37.
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-and education with that of the humanities.

*"As we sesrch (or a better understanding of what problem solving might bs
sbout, hovever we have not only neglected to build bridges; but we have tended
to ignore most ﬁ;ﬁ:;;ii@;;iiéii educationsl terrsin that might bs worth connect-

ing in the first place; )

~

¥ in particuiar, ye have overlooked those educational efforts 1n sther [161ds
SUhich have been concerned with problem solving but have indicated that concern
through & different language. Dewey's anslysis of “reflsctive Ehought” and of
the concept of “intelligonce" would seem to offer & rich compllment to mich of
the probiem iSiGiﬁi,EﬁéiSE}E. The role of doubt, surpeise and hablt in problem
solving explored by Devey would seen to complisanit mich oF ths influential work
of Polya, and would offer options wa have fiot yat Incorporated in much of our
thipking obout problem splving in the curriculum, iﬁéf@y; 1920, 1933)

We have much to learn about the role of dialogue In problem solving, something
ve 1n mathematics education hsve iiﬁéédifa view in pale “dscovery exercias” terma
st best. Yet the use and li-iiijiii of ai.iiGEEG ' educational nettinga hna been
the hallmark hot only.of English education, but of several curriculum programs in g
other 1clds a8 vell: "Pablic controveray™ In Ehe social atudies in the lats 60's
and early 70°s vas & central thews around which students GE&E‘LEE&E& not only €o
carry on intelligent dialogue, but wore lmportantly to unearth and to discuss

1970): It would enrich eaﬁiiéaissiy what it is we call problem solving in
mathenstics, if ve vere to entertaln the poasibility that for logicai na well as.
pedagogleal resaona, we RIGHE encourshs not mercly complementary, bit incompatible

perspectives on a problem or & serles of problems. Furthermore such curriculum

tn the social studles as well as in the nevly emerging ffeld of philosophy for'

children wight cnable s to hialp atudonts appreciate irreconcilable differcnces

' . . .
~ -

»
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rather than to resolve or diasolva them as we afu prons to do in mntlisnatica,
(Upnan, st at., 19]7) -
“Critical thinking is another "nesr relstive” of problam solving that befisn
tntlusncing the curriculum In achools as fer back ma the prograssiva siliicatlon
| era, and there ia a considerible history of efforts o iatagrats dlffersnt
disciplines through the use of critical cthought.(Tabs, 1950) It s & history
that is worth Hﬁﬁé;;i;ﬁ&i;i not only bechuss of Ita connaction with prabliem
solving; but because the theme s presently vidergning }ajaoaﬁiiiaﬁ in the non-
*acientific disciplines mich as problem solving lisa ra-emerged i mathomatica
and science. '

" In clostul this sectlon; wa tarn towards one ares within which tie tunes
of critical thinking have been ra-sung racentlyj—that of morsl sducation. Tis
‘| 1ssues that emcrye liere and thiose that we develop 1 the naat section are part
of the new (and not yet vell integratad) backdrop mentionad in the Firat ssction.
. First of all; we siglit ask why celtical thinking and morel education have
been joined at all. To many penpls, they unuld seem Lo occupy diffavent poles. '
" The connection litnges on our concern For tha teaching of vaiues in a plursliatic;
democrstic socicty. Nlow do we go about such education in & public achool sstting
vithout tndoeeriitliig VIEh vegard to » particular religious or ethnic point of
view? Trough we MIRHE argue over whether or not it ia a set of values itsslf
and 1f so, why 1t 15 thiat such s collection ia more meutral than sny religions
or ethnic point of view, the ldbaral tradition of thinking critically about
whatever valjies niié aillopts dnes provide an sntree for thuse concerned with
morality in a pliralistic suclotys
' Thougl tlicre At 3 nunbier of ditfeient kinds of programs within which
moral sdiicaticn s taught (Lickona, 1976),most of thom rely heavily wpon cantrived

or natural dllenman as a star¢ing point. Our focus haro will be nn Kollberg’®



‘ ‘ - 35: . - T
&

\ -

program of moral develupment and sducation. A typlcal dileman he has used for
wach.of hia ressarch and far hia deliburate progres uf ediatisa as vall 13 €hs -
" llatni diienmai _ _ ; \ .
1n_Europe, a woman was_wear death from s ,i'iii‘i,iai”‘ Ei’ cancer.
) ’¥Eiéiﬁiigii

y
+__The drugglet was charging. $2000, ten times whit the

drug_coat_UIm to make, _The nlck woman's hushand,
) to everyone hu knéw Lo bortow. Ehe money, b only
» Sogether abuut hell of what tiie drug cost. We told khe. dr.

8
that_hle wife wan dylng snd asked him to heaper or et
him pay later:  Bit the drugglat_ssid, " leink got
: " despurste sud broke 1ito_the man's, store o steal the drug for
hile vifse,; (Ko_lilhiiﬁ; 1976, p. 42)

Should lletnz have stolen ths drug? Based upon an analyais of longitudinal

cess studics to answers of dllewmas of thia vort, Kohlberg has created a achome

of moral growth that hs Glsims 1a developmental. Fucthierwora, hu hias created

" .nnt only a reiesrch, tool but sn adicat tonal pragran around such dijemans. It
1e 4 hrough d@iéﬁﬁiiﬁi aid Juatifying remponsts to such dilemmas thet atudente
matuce in Cheir abllity to find good roasons for their choicas.

It 1s not tha spacific valus that ons chooves (@.8-; wteal the drug ve.
sllow the wile to dle), but the reasons offsrad for the decinion that places
puople along @ acale uf moral development.

- At tha loueat level of moval maturity; (pra-conventionnl) Kehlbarg [inds

that pecple argue primarily frum an Awareness of puniubuent nnd cewird: Thius

aomeone at a lowest stage of development ;i;ﬁi;;i;g;’ih.i lleinz should ot stasl )
. the drik becsuna he would be punished by befng sent to Jarl, or ke wight cluim
that he should steal it Lecauss his wife ;i:ﬁi pey him well for dolng 0. It 1a
alnast a3 If the puniahment inheras dn tha actiun fesclf. At s Iater stage
(conventional) People argue from the mars abatract porspective uf what 1s swpeeted
of you and aleo from the point of view Bf the need to salniatn law wnd orders B
At ‘the Lighest or stage of principled morality, ons aries o the basld mot of ﬁ
[y ; pDS

. B L
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rules that could coicetvably change but with regard for absiract principles of
Justice and réapéct foe the algnlcy of liwman beings. Such principles aingle
out fatrness aiid Iapare E1alliy &6 pact of the very definition of morolity.

Noiie of thice structirnl arguments (e.8.. punishment/revard, luw and order;
jﬁitiééi iﬁ lhemnelvou dictate what is s.corract rasolutlo; of any dllunnn.

'iifﬁii'iﬁéy Form part of the vcb that {a used to Juutlfy the declnlonl -ndc.

und lE Iu in llqtcnlng to these rqssons that Kohlberg ond hits followers sce
AcnpaElc of deciding upon one's level of moral dovelopment,

Despite the fuct that Kohlberg's scheme for negotiating morsl develojment

.neglects to ?6&62 upon action, it is » Eii?&iﬁiii édunicip@iﬁi to s piaﬁiii of

values ln the nbsence of resson. cherthelell; there liss baeh some iiﬁ&iiifiﬁi

crltlcia- of his scheme recently—a criticlam which ééﬁdiﬁﬁi mucli of iﬁﬁit&ii'i

~..7;ra on g;s;.’;;a; of acxlsm. ﬁ;ai i.;; i«;i‘ii.e'r;ia ”é’i’ii and aifiauiy bia

longltudinll resenrch onlx with -nlen. Oﬁcé thia iéﬁéii was crested snd the
stages developmentally conntrued Kohlberg lntervlcwea léiiiéiriﬁi coucluded.

that thelg deﬂlntlnn from Ehe escablished hIerarchlcnl schems i;ﬁiiéﬂ an srrested
i;f- of -oral devclopment. . R ¢ - -

Giiligan (1982) pointa out chat the existance of s totally different cate-
30ry schese for men i.;,fi women not only %dy he s consequence of different )
seychologtaal dynanfcs; but rather than sxhlbicing & loglcally fnferior mind

set; 1t sugEests moral categ rles thet are dcuperately in need of fncorporation
ol —
«fth those nlréndy derived: COupare the Iollovlng Ltwo responses to the lietnz

iiienan. one by Jnke, an eléiéﬁ-yelr old boy and the second by Amy, an elcven-

’ .

sesr old §Irr; Jﬁké ii éiiii that leinz .hould utedl the drug st the.outset,

ind Justiffes lits 4hu(ce as Iollovn. .



s than money, and {f the

iryuht mnkes only 31060. he is li!l} going to l1ive, but 1if lleinz

doesn't stcal the drug, his wife ia going to die.

vorth more than money?) Because the druggist can get s

eaple srs all dif“arent and

1 Bec L
80 you i:iiiii_iiii‘t 3ei lla!nz.l wifs agai (Glll!zln 1982, p. 26)

\'B

Amy on tha other hand equivocatas in responding to whether or not llelnz
abould stesl tha drug: .. '

Well, I don't th!nk s0. I think there -ight be_other vlyl bol!del

atealing ft, 1iks if ha could borrov the money or make s loap or

soncthing, but he reslly shouldn't stesi zb. dru;-but his wife

t die either. 1If

sh

vife then, but if he did; he
his wife might get sicksr ggl!n. snd he_couldn® t xet more of the

drug, and it gight not be good. So;_they Should really just talk

it out snd find some other vuy to moke the moncy. (p. 28) N

e

Notice that Jeke accepts the dilemma and begins to argue over tlis ralacicn-
ship of property to 1ife. Amy; on thc other hand; s less interasted fn proparty

snd iSEGiEi more on the !nterpeuonll dym-!c- a-on! the chnr é ers. Mﬁii

!woruntly. Any refuses to sciept the dilemma as it is itnted, but 18 uuchlng
for some leu poll;i;ia .n& less oi . ien; sum gase.
- Kohlberg's interpretstion of auch & response would isply that Amy does not

have s mature understanding of the natare of the morsl issue involveds-that shs

. ,,
oeglects to npprecute ehat tMl Syiéthetléil asa 1s EE’iﬁEliii to telt the senss

in chh the lubject lppr&!atu that Ili [ iaiil iél’ié-e Ilh triel precedenu

* over proporty. G!ll!gnn on the other luna 1n amly:!ng s Iuge numben o! such

responsas has concluded not €hat the fcmales sre arreated In their ablllty to

move cimugii his éevaiopuamii ieiiére,; i;r.z ziiii Eiiay tend to abide by s system

éé&iéépﬁ of éiilng nna ”’p’aﬁilﬁ!lltz nthcr tlun justice and rights ripen ovar

tlos; : : .

Gllllgnn (1982) conments vlth regnril to hy 8 response:
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- Of the nced for respons

- 33 -
MEE VoT1d ia 8 world of ralstionships and paychological truths

nnection botween people given rise

ponsibilicy for ona snother, a perceptfon
T ~Seen fn thiis Yiglit, her

of morsllty as arising from the_ _recogiiition of raia 1ps

her beliel in commminicetion as the mode of conflfce, resolution;

and her cor tion that the molution'sf the dilevsid w11l follow

where an avar
to a recngnition of

mpelling representstion seen far From nefive or cognitive-
(p. 30) : :

_ThE dtFFervice betwveen a “Kohlbergian” and a ;Ciliiiﬁiii;ii" conception of
. [y

woralicy 1s well captured by two different sdult rasponacs to the queation;

* humanity, that_you can affect

- e - B S
"what does morality mean td you?®. (Lyons, 1983) A man intervieved comments:

vhat's right; what

tuation wvhere you have
e_to _recognize when

n for doir

cally having s &
t to do; -and “# U are put in
e from amongst slte &tives, be!

therc is nn fasue of "ought” at atake and when there is not; and_ _-_

then, . (having some reason for choosing among slternatives.(p. 125)

A voman Interviewed on.the aame goeatlon commentai.

8 sensitivity to _
_tha lse’s 1ife. You can sffect
your own life and yoo hava the bility not to endanger ¢
other people’s lives or €o_hurt other people. _So morality 1a
complex. Morality ia teslizing that there is_a play betwees sglf

\ity 13 a type of cousclouansss,

‘and others nnd that you are going to have to take respunstbiticy

for both_of them; It's sort of a consciousncss of your fifliienca
over what's gotng on.(p: 125) : .

While CIl11gan and her sasoclatea do not ciaim that development 1 mex

bound in such a way that t\iii_ﬁn} systems gre tightly partitioned accoréiiii to

. - - -e L .o - o
gender, they do claim to have located s scheme that tends to be assoclated more

Yeadily with a female than a wile voice. Behind the female volce of responsl=

caring; some of the Following characteristica appesr to we to surfaces
context briindednesn. v
disinc!inacion to s

eneral principles to be used 17 future caass, -
concerii with connectedne

8 people,

Though not all of these characteristics are exhibited 1n Amy's reaponse,

they do appear i literviews with mature women. Context boundeiliicss réprescnts

-1 plea for move tiformatlon that takes the form not anly of raquestlng more

L/
bility and
1. A
2.0 A
3. A
.

.
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K ”
-39 - : ; :
ol _ L. .. .. ool e
details (l...; what fa the relatiocnalilp betwean husband and vifa?) but of

asarching E;; & way of locatlng Ehe ciiiﬁﬂi iiiﬁii @ broader context. Thus
unlika men; -utulc'véniﬁ sight Ecnd. o reupond not by trylng to rasolve the
dilcmma; but by exhlbtﬂn; a senna ot lndlgnaaen that auch a -lt-utlon an clis
Hataz dlle-na -lghE arlas Ia thc llr-t pleca. Such a reaponse -ixht sake the

gollwlng for-z Tha quutlon you should be asking me fa iﬁﬁi ars iiu iarren- _

°

dous clré

of thia lort éﬁild aven -rl-c:—thct people have learned to -l-co-nnlclfo 0

" poorly®1" . ' .

Tha second characturistic I have facleted sbove; 14 an affort to attempt

*to underutand aach aituation fn a fresh lights rather tusn in a liii!liiié

way-—l.-.. ln tarns of alrendy sstablighed prlcedent. Connectea wlth cont-xt ”';
Bo;;aeanelu it ta tha desire to ses the i;iineli of "glita” .1tuntlcn in ordar
t;.l.. how it might be different from (and thus taqiles new inaight) iiiﬁ;% than
compatible uith one Lhat has eiready bean ssteled.

With regard to the third charectertascic; conlilct 1a lc-- & logicel puzale .
to BEi;EEBiVEi but rather an {ndication of mi unfortunats fracture in Luman -
rllntlon-hlp----o-ethln; to be ”nand.d” rathar th.n en invitation for some -

in the & gfxt ..Eiiaa va turn touara- s con-lderntlon. ‘in a rather .i;i;i ’

vay, of how it fa that a Cilliganish perapactive of morniity might l-pln;c on

the atudy of mathematica. whllc hiv-

it ia not difficulf to 1atult aot only that ii thraatena Lha statua quo but
that it aeta & poaaible Foundation for the relationahip of problem genaration-
to problem solving. Though we shall Flcua sipon the 'n;;;u;;;; from the fleld ' ...

of morel aducation; wa do noi wiah to loas aight of some of the other: hn-nnlitxc

of areaa of currlcu!u- from which -n[hc-tlcs cduc-tlon might derlve culljh(nnnonx. ;

7.
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“music for what follows: o 0 .

‘the non-purposciul ta-ku.

- iatic behind cl!llgun'- analysis of ié?illty as respon-lﬁlllty and hiiiﬁii.

not the “nofmc” that fnheras fn the problem,

A‘

Eome of what we have alluded to sarlier ln this secclon will form the bnckground

-
-

- Kohlhg_g va. cllllgnn: The Tranaition frnu Sngigg:ngygtgx

It surely appears that probles solving In sathiematics educatif in has been

dominated by a Kobibergian rachier than & cixxlganlnh one. ctll!ganihe;ucll

has an tatuitlon for suck a propositio on, when aha- cp-nent-;iiiﬁ>;3i

Jeka’s respouse to the Weli dilcamai
)

Fascinoted by tho power o! loglcr this eleven-yesr old boy locstes

truth 1n_aeatli, vhich he says is “the only thing that l- totally

logical ! Conslderlng th

nutb p:oble- with human

)

7rnl dlle-na to be

. arrive at ths sowe conclu 0 uoulé consider
- stealliig to be the right- chi (p. 26,7)

;ﬁi wet ai’ﬁiékliii to be solved ucil t' thc sxioms and deflntllan.\\\_—§§-“—]
””” L-F ity —

L N "
upon uhlch stidents sre to opersts., It 1s not only that the curriculus ls de-peoplcd‘

In that contexis and concepts sre for the most p part presented ihl-;orlcully aad -

unproblematically, but as it 1is pre.ontly ton.tttutad the cuFr Icniu- o[fer-'ﬁo
,,,,,L,,, -
encouragement for -:udent- to in a r--poctobl. u-y mova. 5cyoud merely iééiptlng

.

Furthersire, EEEEEF iﬁiﬁ belng éBE&u; ged to tty €5 capture what may ba

) unique and nr-aiated .to previous c-:obll-! d precadcnt ln [ glven -athf-ntic-l -

sctivity (che lcgnllntlc mode of :hough: we referred to a8 Ehc second charlct.r-
7

mich of the currlculun 1a presented as #n “udfoldlng #o0 that ons is -uppoood”

to sse olnllnrtty rather than dtffé?iﬁéi GIEH past experience. It is rn-onpluca
surely in word problen. to :ilx pcopl. to Iggorc ruthor than to embollish
matters of dotnll>on:the ground thit ons Iizgjiii the vndsrlying structure and




curriculom tends not only to threlten a ctlltgnnish perlpectlve, but a5

" lnporinnzly. It -upportl only onc h.l( of what I perce!ve much o! -athe-atlcu
R .

Eo Be .Eou:. That is -g:he-atlcu not only is: 8 search ior vhnt 1- c-len:l-lly ‘

common smong ostensibly different atructures; but 1- a8 much an effort Eob
c .

RV

revell essentisl dl((erence. among atructures that: lppel? to be niiiiii;
o~ & . _ *
(See [rovn. 1982¢j -

With regard to context boundedne.., there ia ellentlnlly fno curri~u1u-

Eﬁi: would encourn;e students to elpllcltly ask qaéitléﬁi Ilii‘ -

) *What purpose is served by -y .olv!ng Ehl- proBIe- or this
- set of problenlf

*Why sm I being .skei E; engiie in ihl. .cilvlty as thll ‘time?

[‘“‘*-——n -~ -+What.am. I finding_ out shont wyself snd ofhers as a rasult of

participating in :h!l task?

“llow_is the rela:tonahtp of -nthe-ailcn to society and culture

13luminated by _my ntudylng how I or other people in the history

of the discipline lisve viewed Ehia phenomenon? ) R

!llevhere (Brown 1973; 1982) I Kave dlacussed how I rxr-: began to inctor- .

porate such reflection as part of oy oun-na:helatlc. teaching, and I -ﬁ;ii.;;;;
other {llustrations of so dotng in this psper. There are a number of serious
queations chat must be théﬁghi Eﬁiaijﬁ; houever.b.(orc one feels col(ort.ble

,;n _".ournglng the gener.ttoﬁ iiﬂ reflection o( the kinds o( qﬂe-:lon- 1nd1c.ted

above: We need to be naklng curselves uhether or not that kind of reflection -

reprelenta reapectable naiheuailcal thinking. 'In nddl:lon we ougﬁE<E5 be

'concerned sbout the iblllty o! .tuJEntU to hnndlo that thlnklﬂg in thelr enrly

.t.sea of matlicmatfcal developnent. . ) ;- -: .
;-

It 1s 1ntere.:lng o oBserve that :hough the wedge 1. botng prov!ded to

lntegrate -azheaa:lci V1Eh other !leld-. the “resl worid" applications s iee- to

be n.rrovly dcfLiied 15 terms o( the acientific r.ther than the hunnnlntlc
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T cthlc. ars c-.-ntlllly non-
w¢

oxi-tent. That 1s purtfcnllrxy iﬁiﬁil.lng ln l!ght of tho Eact thlt s anjor

disciplines. In particular questions of value

rationsle for ralntln; mathenatics to other llelﬂ. seenms to bs that such

lctlvlty may enable utudcnti to bettor lolvo rcnl uorld“ problems that thoy

. S

encounter on thetr own; I kﬂéi~6f o.lentlnlly no ro-l vorld” problems that

one decides to engage in foi ehich thers 18 tot enbodded some value implications.

Hcclnty and Hcyer-on (l900) suggest some .’op. one -lght vant to take o
devalop curriculiim lor vh!ch vlluo juage-entc are an explicit component. They

begin vith s pruble- 11¥s ths followlngl

§ubpbng s 5&; oE grans - leeé coevers 400 square feet. llow -ony b.g-

would be necded to unlformly cover 1850 squsre feet? (p. 501)

So far 8o dull. It l. not only thac for many students ths shove would
;;E.conutltuto s problem (lﬁ,iﬁé sense of answering the quastion); but more

i;;érianiiy tt lacks & Sy reasonsble conception of context boundedneas. Tiie
. 1 -

‘1s more “real worldish® clisii

suthors, hovever, go on to suggeat Lnquiry the

moat of tle vord probless Students encounter. They ask: : .
Stiould the person buy 5 bags and save the le!tover-(luurlng prices
w11l rise next ydar? Buy 5 baga anj -prend it thicker? !uy 6 bags

‘and nprcnd it thinnér? (p. 502)

¥ once we bocnne avare of ethlell]v-lue questions as a centrsl componeit of

decl-lon naRlng. it s clenr that, there is umch wore ve -iﬁhi do iﬁ»tﬁi iﬁj'ai

cera ating problems for students as vell ss cﬁéSﬂ?&ii;i Eﬁ&- to Jo‘jé oii ehelr

owh, . Onc oF the au cor

t cutriculum nrenl 1s probability and ltitlntlca.

-~

IS a protesslon. ve correctly appreciate thnt ve neced to do -ore-to prcpnrcf

-tuaentu to operate in an uncertlln uorld. vhereln oﬁe'. tate li ot sown vlth

the Elnd of exactitude that much ol the earlier currlquluﬁ tias { fiﬁl!id; In

v creating such a currlculu-. hovever. ve é;;iiﬁuo to giv@ iﬁi iﬁiii iiiiiiiﬁ that .

‘-nthe-ntlcnl cumpetcnue is all that 1s requlred to decide v!.o!y. Co-pare any

Zprobablllty problem (aelected st rnndou of coursa) lroq any eurrlculn- in
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‘mathematice with the following probabilicy. problc-: ’ .

A cloqc relative of yours has been hit by an

- baen uﬁéaﬁ;iinus for_ oue month. _The doctors

remain a vegetabie
_operation Which,

i would ;gﬁtoie his_copacicuan ; They ‘have detcr-
" mined; however, that the probubjlity of being succcasfu} s .05, '

ggﬂ,!!f;bgy fail in their itlort to raestors con-clou.n-u, he
will certainly die; -

What counsel would you jlvo the déétii.i? ovia eould clearly embed ‘the ZEW; -

probl-- !n a -on challlnu!ng wathenatical -ottlog. for ll.pll. ntt!ng up tlu

7 coud!t!on- that would have. -nubx-d one to srrive at thc .03 probabiiity (6;

piilhlpl -od!fy!n] 1t so that ‘outar ullil are sst on the prolubu!ty of lur-
vival) but neverthalui, e 18 luclr cthlcal quc-t!onl in uny d!ﬂ-reut i;;;
that pl-gu- Io:t*th!ﬁk!ﬁi iiaili as they iE through 1ife making decisions. ;
1s such prubles iinenuon o6 the part of !bi i:ii:ii;i or atudent ;a i;ni;ii-

lv-r ie clear. 'l'hcn h nothlui

ent pt -nheuuéix Eliéiiliir 1 ilo not think the s

.

god-gtven lnd writtsn !n -ton- th-t establishes what ie and 1a not plrt of l:hi
'do-a_ln ot lqtlnmtlcu. and clearly what has constituted lqluuu chtnlung tn
che' digcipline has changed connlderably ovpr time. I am not fuuhr enough with
Eh- loclology ol Emuledgc to know ulnt lt!nd- of forces other tlmn lo;!é-l onies
hlve Been l'uponnblc lor dr!v!ng p.oplc to uconc-ptunuu the. dl-ctpunc o!

ntlulntlcl.' but even 1f questions of ths lund. wa have been rlutng th Eliu lectlon
. - * .

would wove ue in d!ucuonl that are at odda uuh the dq-lmnt lnd i’iiiiiéiilil-

ntlcll thought. The lnnr qpplau to me to be o vcry narroy v!w of whn ic

@eans to educete. In reelizing.that oinly ® very ilill pcrccntns~ of our nudonn

vlll Bc nﬂnnt!c!m-. we have not. ldequnt.ly .xplorid out olillantlon to tiwu

#ho w111 wok expand the ficld per » 7: Ve havo -llnknty !déiiiﬂleil our tuli
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" for the majurity as ona of “iaiziiiﬁ§; a aiﬁaiiiii rigorous curriculim. Wiat

. may be called for 1a an evér @ofs ritellectually Jc-nnding currlculun,-buii one . %

{ 1n which mathemstfca 1

enbedded 1n & web of concerns that are mors “real world®

B~ & .

orfented 'zimﬁ,aﬁy of us have begun to imagine. :

Ia ii iléi'ili 656 lug lhnt euch complicationa of uthenucnl thlnlduu uny

i foct pose a -a]or lluren to a concept that we hava begun in recent yean to

N i’iv.ro~-ihlt ol’ mlhenuutlon. In ltte-pttnu to find reaeon to belteve that

children can huaeed l'uncuon ae nthe-nucuno (an oppoud to cxhtbttlni routtm

f,;.titntlvo lEllla). David Hlumlor (1982) 1ooks tw.rdo oxcepuonul casea of utln-

;@ftv.vagnlnu the n_!udlels aymbol pu.hln; that repiéiéiito its polnr oppooh.o. 1

nitul precochy. e commants:

o

l dor)'i see children lwgu\(or exceptional function_ u Motoﬂam’ or

as l;lwye'rs. or as psychologiste, for instance; _ since these are

‘ex rem-ly complex functionings that involve subtle relatiosie 1ps_
ce. __But I would hypotlicuize

be c) aever
sic, writing end ponibly e
of activities that requize only a_ _

.. nr kind of reeponee to be made by an individual io his

impediatc, ¢ir¢ct cxpcrunc.. (p. 4S)

. While 1 would cer;ntnly not vish to ptt ntbentlutiéii; as Hheelu iliiéﬂse-

beliave that as cducature we ara BEiiﬁiiiJ to i)liih the bounds of co.pllcouan
"that diaciplina in an effort to engage tha -lndo ol’ stadents tn atucttono that ]
define their humanity. ' . .

IV - Poun From A Crédceiido

sucend from the’ Ilelghn and pcrhapo 'thg overlnlllui l-uguagc

thch concludcd the previouljectlﬁi'l l’iiliiiii one ﬁiy is to take atock of

. RN
tey to olmrpon tha {npltc-dqm that -lght !ollw.

wheu wc have been led and ¢

challenge of (.ll_l(g.'m s reacarch to potnt out that there ia.a world view iii_.'ii "

i - | -

; . 49
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» case for tlie lnclunlon of problem ;enerlt!n; ltrltcg!e- ulth!n thc

e o

has achieved enplrlcll uxprelllon with rcgurd to iliuéi ot -ornllty but uh!eh

ll vorth t.klng lerloully ln other do-n!na a8 vill. Hovln; Benelth the conceptn

of caring and relponclbll!ty established by ctlltg-n. we flnd alnun ionl thnt

sre not atrictly moral in charlct.r bat vh!ch diiI vIth gurgo:e. t!euat%en

dppec!f!clty (s non-le;llllt!c -ode) lnd gggpl. connecteﬂnell, ﬁe hlv.

that _very 1ittle of the axlsttng Iathellflcn curriculu- catere to thole chorlcter-

iatics, lnd in flct :he do-lnnnt -odé caters to thelr opposite. °

pointed out thut vhlt the two perapectivea have in ci 1y i

0.

SENE

-ornllty-repre-unto [ fleld of lnqulry that may be ss_important to lntegrnte

i

vith mathematicsl th!nk!n; are thc more atandard dllc!pl!neu that form the

backbone of more coﬁVéﬁtléﬁil iiﬁlléiiliﬁii %i - B
Both of ii\éié perspectives have potentially revolut!oﬁﬂi'; i;bucuionn. They

not only lugtest the neea [or both teacher and student to incorporate s wore
Y

serious problen ;enerntln; perlpect!ve llncludlng the broad types of queotlon- Lo

ratsed at the Beglnnlng o! the previoug acct!on) as an essential lngredlent of
-~ .
problen uolvln;, But they have the potentlal to !nfect e&ery aspeet of -n:hc-n:ic-

education from arlll and practice, to an under-tund!n; of upderlyln; mathemat {cal

- - » £

structures; - - : . . ;
W ’ .
tr goal for herre-glnder of this paper wvill be the more -odelt one of -ak!uq
o

2

ertculom;, -

1 will for ihe most part be druw!ng upon and lnte;rat!ng tdcas thnt X huve prcf!nﬁl

S

y developed: Wiilé T will mike -xnxml explicit reference to tlle cu uaﬂ per-

N T
Bpec Elve, l Belleve lt 1s posusible to view much of vint follows as beln; deiiveﬂ
fiéi iﬁii 1 huve relerred to ns the underlyln; componenta of carlnx and Belng

iéiiéﬁilsle. The joinln; of llnkl expl!cttly ln other matliematics Gdﬁéutlon aAre.

.,
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u-uy. It 1a E ucn!ly ponlbl. to detcr.lno the cxunt to UMEI! yon are in .
(lct (13 7out-!dcr7 ﬁy Eh- aoguo to which you ere incapedble Sf undantnndln;

the qhoit-ctrcultln; o( ;anguage among pntlclpnn_n. 'l'lurq_- 1s corulnly ]ood
reason for menbers of iii.'i’lii;iibiiiﬁ to engage in such iﬁ?;—élreuulnu bchloQ
ln lddltlon to nu!y lncuning aﬂlcuncy of- cov-unlutlon. thcn .n l-pornnt
psycholoxlcnl aua aoclologlcll bonds cnnblhhad thl’ongh auch balmvior. K - .

Neve Eheleu. ve sometimes pay @ price for ths cosmon lan]uuﬁ v( elhﬁllab. ’

apec!lven. but. ve may be unwm of what vc are lca;ln' out. 'Ih. ii)iél.l!utlon

Eliii iéiiilii from such bchavlor not only -ay lasve us -unswere of whiat € s 'uvi.

left oiit, but vorsc thun that, va may even lou our abluty to iuraiiaiiii thoas

avareneascs within our uorld_vlw 2van vhen they are poliited Wt to ua.

As educators, it {a worth nung stock’ cvory ao ofnn to eu-lne earllcltly '
Lo e
vhat ve-are lenvlng out in the common langungc vc ne ‘asrsblishing vl!h our

studeats. Such an :}uiaﬁhco occurred s number of years ago at which polnt lﬁrlon S

Walter and 1 were team teaching &.couree on problu lélvliii;' l_ﬁ iiii E!Eliii ivéiE

An nuaber theory, and vere hoping to derive s fofmuls to generats prisltive

Pythagorean triplets, We S;;n tho lesnon by nlklnu .
~ _ |‘ ~

52§ y - l’. Uﬁt are soms mmu'l
Responses began to flow; and students ré-ponaca wtehs

' 3045 -
5 12, 13 .
8; 15, 17

-

777 - After o while; s smlle broke out on Ehs face of s Atudsnt Viio gava uai

‘e

i; i; 2,




v : - - -

A fev more “coursgeous™ and humotous raspunses then were suggoated Itke:

-i-lnﬁ-'..' S

sxplors what we ware sbout in the first plnce-—- t 4 generating Formula.

~

f Mtcr elui; hwsvsr; we liéﬁii'i (<) Eitli to iiéli éiﬁéi ESSGE' the ficldent. 1t .-
" hit us very hatd that chs “deviants" vers beglnntng® to sppraciate something that -~

has _éééﬁpiéé considerable partt 9! our collnctlva energy for the pnnt fifeeen

) ~ = . - . L4
L Rt e s some ansvers?

h.n [] Iilni ol‘ Ioolhlmeu nbout It that derivu ffon the closed posuition of a

co-on lnngnage with its unspokan’ but buiie in nuu-pnon-. Nouce that

'2 + yz - i‘z ia not even a question., uou can one co-c up vith nnnven? :

.‘m

Yet the atudents dutuully dld come up vith nnuven. because :hcy cnrrhd

.along & host of uuu-puonu that \le-ln £act hwan-nmed (l-puculy) them to neceﬁi:;

N .
Theyvsssumed (st leost at the beglnnlnz) that the ny-bol.li- had connoudflt the
‘dowain vas natural numbers. Furthermors they ulmdvt!ul‘t the aymbolism

calllng for something slgebraici and within ;i.;; context they assumed that us VaEs

searching for insnncu that vould make an opcn sentence true.

As soon as wo began Lo appreclate tlmt ‘“the deviants" had heiﬁii o iipiiéiiii
som:thing we hiad not seen; ve rcslized that there was & whole new ball game st
iiﬁié. We had EB’E’Eijiiiié EE the cime thst 1n expniding tlifs concept for thla

clul, ve vere ovenlng Pandora’s bux.

-

numbsrs, ve cncounged uudenn €0 uk iuch nev quen:lonn [T} )

Yor what m:lonn} nuabsrs x, yi--l 1a IE trie thii iz 92
L]

1
L]
4
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80_strongiy towaris the search for solutions iﬁd ansvers, that e continue to.

_of mathewatics. o s S .

g -

hnllzlnu that ve lmd !-pl!gltly nuuud §iiit we were scsrching for trus
lnu.-mce- ‘of the dpen sentenca; ve encouraged -iiiiiiii_ii to avk such new questions
_ ' : a3
a8t . .
For what nitursl numberas 1a 1t true thaot xz + ’2
truo? (é.8., 4; 7, 8 misecs the equality by 1). o5

ne.u:mg thnt ve hna inpllcltly assumed that the qﬁeauon was nlgebm!c,

Atha nudcntn began (17 n-li s hou o! gao-eu!c questions that derived from connotsi= )

t!ons o( tlie algebralc for-. . . . .

-

tht l‘ot]owea ime]hnly wes one of tho most: !nnlliectunll, ltlmlltlng uuln '

e thlt elehicr of us lmd puvloualy axpor!cnced vith our uudents. nnd vhat’davnea

:ivéntual!y on ail of us was lo-eth!ng thu ‘has had a .laulng sffect.
>

B !‘Ir,t EE' nll. ve began to appreciaté that luch'davhuonl from itiﬁaié cuy= -
riculiis ore fiot mere Frills. Thet is, in exploring such qucstions as ths -l-ou“

prlnltlve Pyﬂngorean tr!plet question, all of us xn!ned s much clenur unaer-

rY

lbout-—not only (ro- the point o( view of statement but E oo( as val!.

Secomlly. and more !aporuntly; \n bngan to i'iinu Elunt an Iii'illéli part G

_ oF the common langunge;ve share vith atuderits 1a ons which focuses upon and polnta

search for answers even when no question 15 GEKED ot a1n? W vere this hum:hcd

on our journey to try to understand the rola 6? iiiéklii gencrat lon T thl dplng ]

1 . - .
1 am beginnlug to spprociats sn liiiiiiiiii iiiibi-i of what {a behind an uder-

nnndmg of the rols of iéilng proﬁlan that 1 lLave not deen beforc. dupln

the fact that 1 liave referrail In nnch of my writing to exn.plca within vhich thie

fssuc 1s ombilled: | Por a numbet of yeara, educators hava appreciated tiat thera




- @8 to .pprechlc the d!fféuncil Beiuecn a proSlu and s utuatlon. snd of Hndlu.
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aight be considersbls value in giving students not problems to solvs but ;

situations to mvnupte. ﬁiﬁiﬁiﬁ (1973); for example; locstss a number of

chnrncterht!c. of whst he refers to ll potantully rieh l!tﬁiuoiii;

lak bullt-in questions. It is the job of the uudcnt to craats a que.tlou or

pose a- iiiiiiia;. ceoboudl. Ou!unuu Rods; polycwincls srs all en-plel of

eitustions, but utuauon- need not bc concrete materials (H Ebey can be -htuc-

tions as well.

whlt 1 h.v. ueently (1n* puplrlni for thh E.lﬁ) begon to .ppuehn is

that the pedagogical fgsue h such desper sid more lﬁiiiiiiliii than that,of ' p»

-eu!y cunt!nl rich .!tunuon- to lmeliuln. ‘ﬂne issve ia evan hore co-puclta

e

thln providing both -echanls-i and & -t-olpheu ulthtu whielt problems » ;ht lp

!sollted from situstlons: Rather the pcan;oglcal task 1s one of eubllns sl ol’

ﬁc%»,.nu<.r:-r

s

[}
,,,,,,,, =

'rhe task E %6 woviag h neltﬁer uclunlcql nor essy. That it .o-oihn

Qe

i.i‘e'. s very iéiii tlne to Apyuchte that a eituation !ppuu s problem h

probléii can Be neu:ull:ed (or de-poud as the title ol’ this ucuon pnyn.ny

iug;uts) “1a .o-ethln; that may be equslly difficult to nppuehte. Those of 9-

. uho rullze thnt we have been asking the wrong qucations realize lnpucltly

2

Conalaer the example o! s fe-nle respon

" to the jleinz dilemma which

ssserts with Indignation thet. the problel !l‘not One of ;E;;H;i or not ;Eenlhii
thq amg. but rsther one of figuring out low ws evon evolved us a aoclaty such
that .uch chiolces would have to be mads (and one of figuring out lwv to recoti-
struct soclety). llere ia a_a;;i— cuse of first newtralizing a E-Eai.i«.-'? before

.
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'ESL;GEiEi fe. It uas necasssry to dalets tha quaation {Sbould Neinz stasigihe

LAl

. drug?)- before moving tovards & ra-poa!n; oi the problam.

1t 15 not only that thers is valus 1n having atudants sctually mova in
both Ei;ééiioni--iron situstions to poalng and from posing to de-posing—but it
18 als0 worth designing corricolum whilch exhlbits the difficulties people had
in uklng such movaa oi their own !n the history of thp diacipline. We have tho
potentla! to learn a gréat denl aSout the rc]..ltlonshlp of s dhclpl!na to the
culture frum which it emrgel as we atudy those probiems that conld mot be
‘perceived as situatfons: ’

An' obvidus cxample In the iili’tiiii of mathematics is that of efforts over
severnl centuries to try to prove the parallel postulate. i:léﬁ;ifl;; the following
ié;;uiniiOIl oi‘ iiié Qﬁiiiiiﬁi -

lluu cadn._you prove the parallel po.tulate frol the other poﬁtulate-
of Eucllllean geomatry? N

He knov now that a great desl of tha history of mathemstics wen urltnn

n!ncteenfh century mn(lnenntlelnnu began to nppuchte t.lmt the dlf!!cul!y ln'
nolvlng Ehe proBlem vas thnt a wrong questlon vas beln; po!.tl- In soma l,ip!!éif

whevsiy and hléi collenguea at th. time had in fact to “"neutralizs®

the problem enough first to get }:i;;i'i; at the thniii;m from which it derived

- (EHE ii6§iiil}iié§ of Euclidean gec

etcy) then torrefor-uhte the queation 6

aa to deicte the deceptlvely 1nnocen¥ uord"'llow" ln the posing of the proble-.
The need to re-pnse &Jtoblﬂn by Iirst nautrallzln; ic s 'no; only i'iviilld
throu gh !r n:rnted el’fortl at aolv!ng problems; but 1a an nepl.hetlc 13aua An

N
. )e—t’l._ and an issue thiat ia worth incorszrating expllclcly in curricuium within

/

T Elder tie cnse of cfforts to prove the four color cunjecinvre--iouiiﬁii it for

uhich the Gilliganish concept of context boundcdness 1s taken serfuusly: Cof-

any conventional mip, four is & sufficient number of colors to eatabliah and
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to appropriately iemarcate boundariea. Until recently tha prublem vas “merely"
*  to.pruva or diaprove that conjectura. Only after a cumputer proof was ﬁiéﬁiéé&

which featured a very largo nusbar of wpecial cascs’ did mathematicians begin

to realize that they had not adaquatoiy pused the prublem. Feeling that a

computer proof waa blind to underlylug atructura and i fact {lluminated very
11ttla of “the mathematical easapca” of tha problem; many muthematiciana realized
tha need to atate the problem in auch a way that “wgly" proofs would mor coune

aa golutions. ‘

Such re-posiug of the fouf color problam ravonla aomething niot only about

the prasent attitide of miiiy nathematiciana wieh regard to (ha computer, buf
Juat s imporcantly, it uncartha sows fundamental eplstemological laausa--laauca
that wora clearly locats knowlsdge within. an aeathetic realm,
Feom a pedogogical polit of vicw, 1t 14 particularly enlightening to engage
atudénta In @ discuaalon of Ehe ralatlonabip of a altustion to a problams I

Fave a modeat axample. Several yeaia ago my aon, Jordan, camé to me to tall me

that %ie dId not understand the "ambiguowa case” In trigonomstry, l.c., tioae
circumstances under which a triangle ia datermined by an augle, another angle und
a aida not included Getween the anglea.

I began wy diacussiun with him by asking him to recail how in goometry, he
looked very puzzied and told we that 1 was miataken; they had never inveatigoted
the detcrmination of a triangle. Inatend they Had proven things about two
trianglea being congruent 1f A.S.A. = §S.A. and 8o forth.

What was taking place here ia very intereating from the point uf view of
relating a probiem o a aituation. Jordan had in fact viewwd An entire unit of
work mora aa a situstion, while 1 iiad viewsd 1t aasa problem. That fa; though

ha had an arsenal of congruenca thcorcms at hia diaposal to respond to nny
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most 11kely of thic vesentlally plaglaristlc spirit that governa text book writing.

- ceplion and Jordan's regarding what those congrucnce theorems were all about,

rejqueat tu prove two triangles congruent; he did not see this ammuigdEfiii a8
B;;;idiﬁé answers to what 1 maw tn be the fundnucnini prabiém éi éiiééﬁéiiﬁi
>

those condlt tuns un&é; thch ; ifiungie ih Jei«rninéd; ii i iéﬁiiﬁéa ﬁli

E;;E; 1 uﬁjcruiuod th he saw a aiinuiion iﬁ whﬁt i #iw to bi a problem. The

book had In fact never Jiaiinﬁniuhéd betuEsi an ﬁﬁaéiiyiﬁi ﬁiaﬁiiﬁ iﬂ&iéi;iﬁiﬁi
e triangle) and a collection of gxercisen to glve one experlence I hamlling

a problea that bad been solved by the famoiis congrignce theorem. In Fact, the

practice exvrelses had become Ehia fundamental concépt--a phenomenon 1 am

begtnntng (o believe Is more widespread than | had thought, and a conucquence °

The Interestlig irony 1n this case ia that the difference between my per~

¥as not revealed In Jordan'e performance in geoketry at sii. ~66§,E;E frequently
o

accurately answst questians and even solve difficul} problems without secing
the context within which thnse problems are embeddod.

' Thua, 1t would seem to be a very wise pedagogical ploy to move not only
froa sitimtion to probled and back for topica that are relatively small (c.8.;
de-posc a theorem such as "The base angles of an isnaceles triangle are con-
iiﬁéﬁis. but to do 0 fov entire units as well. Teachers as well aa students

- would find ft enlightening to discover the arcas of agreement nud divergence

e e e e ol ol e e 3 -
of opinion regarding the problem/situation status of a unit or perhaps even of

a course.

In clouing thia section; I would like to cogment on an intctesting potentisl
difficulty relating situation to problem that Peter Wilton alluded tn in his
talk. le mentloned that p;épef selection of problema 1s critical ii dexigilig
curriculum for unc does not want to give problems to atudents Ehat Ehey are not

prepared to handle. Nis comment appears o tlie airfaca €o bé a thrsat €6 tha
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activity of posing and de=posing problams. That ia, what happens £f in the
creation of s problem from s situstion, s student dofines a problem that ve
knov ia beyond hia/her sbility to handle?

There are some interesting sssumptions embedded in the. above question.

Firgt of all, {t is not mecassarily tha cass that atudents nesd to try to solve
problens they pose. Tha activity of poslng itasif in the abaence of effarts

to solve may ba {1liminating both to atudenta and tenchers. In a ssnse ve find
out #a much of valua about ouraaives by attending to the kinds of quentions ve

ask ss we do E; the solutions ve ;ttenpt.

Secondly; 1f va think of an entire class ss a unit; for the kinds of
sctivities suggeated in this section, it 1s not necessarily tha case that tha
asme person who poses & problem need ba obligated to try to solva 1t; In fact
va may discover the potential for unexpected collshoratlon ssong thoss Who poss
and those vho attempt solutions: We do nut know very such at all sbout the
relationship of the talent of posing snd solviig; bt L€ perliaps is worth taking

# clue from the work of Getzels and Jatkaon (1961) ii which they FInd renson

to conclude (list beyond & certain polnt; litelllgence and creativity may not be

l? cioleiy ?éiiié& a8 one iiiﬁf suppose,

But there 1s another consideratlon that cuts decpor tham those we have

mentioned 8o far; That 1s; whst does NIlton imply students are expected to do

who are prematurely challenged? It appsscs that they may ba Incapable of sslving .
problems that slthier ve (as teachers) of they poss:; Such an axpectailon may be
s shorc-sighted ons from an, educational polnt of view however: Along Vith our
newly discovered oppreciation for tha role of spproxlmation and estimation,
ought to come an sppreciation for partlal Solutlons as @ respectable activity. -
We Heed mot necessarily expect s completa solutlon for every problem investignts
In addieton; I sm not clear oF what 1t 13 that 13 Tost 1F students attempt to

solve a prolilem and cannot even come up with partianl solutiona. Suppose they
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cannot aven identify or isolats lesmas that might hilp tlisn llon; the vay, 1 %"
can imagine o great desl of valuabla personsl and intllleétu.l inaight tﬁfir
wight emerge through a discussion of what may accowit for 1nabllity of atudents
at & particular point in time to maks headway in solving particular prnblema.
A teacher who keeps an car:to the grouid wight posalbly sven lsarn something
of the students conception of the subject matter, prao!. mathematica and the .

relationship of mathematics to culturs by Iiltenln; cnrefuliy to vhat counts

a8 & reason for failure to make ﬁiidﬁiy.

the aurface bumped op iiﬁiﬁi the ralationahip of problem posaing to probles
solving. After all, it waa due to an fnability to aolve the parallel postulats
[ o - T o
problem that o situation vas revealed which was in need of reformuilation. Problem

,things do not go awry. lhlou ve dilcull their intimate logical councction; In

the two sibsections that follow the one belov e ahall look more closely st
pééﬁéogiéii Sii cgles !or engaging in problem po.!ng--ouu wild and the othcr

ate
radical. Mich of what i will be npllyzing in this .ection has appenred in

dlsparate sources, and 1 view the task ﬁ;;; as one primarily of conééiiduiing

chat ﬁﬁféiiiii For thnt rsason this scctiun will be brllfer than the others

for expansion of the pointe alluded to.

loglcal Connections With Solving: Being Gracious and Accepting

" Consider the follnwing two proble-a:

(1) A tly nnd train afe 15 km, apart, The irnin iruvlil tovnrés

the fly at a rate of 3 km/hr._ _The fly ceavels towarda the Erain

at a rote of 7 km/hr. After_hitting tho €ralii, 1€ heads hack
-to bts starting point. After bittiog the atarting polnt, it
once' more heads bnck toward the trots until they weet, The _ _

process continues. What is the totnl distanice thits fly travela?




. (2) Civen twe aquilaterisl trlelgles, find the sidé f s third ons
. whose aren is equal to that of tlia aum of Clia otlier Lvo.

The firat problem revenla in a dramstie way somethlng that da true bit
lass obvious in the solution of any proiniii; " you iiiii nut seen thin iii'i_iiiiai

" roea; lat It slt for awhile; nr parhups shars Lt with §9i1§iﬁ-iiiﬂii. It the

- 1d fa blowli: proparly; you will come upon an insight that will most: Likely
ﬁammmmnmmmmmMﬁﬁmmmmmm:mmi
that an fnaightful and non-technical solution depends upon your asking a queation
that has not been askad In ths problam st sll. Though thers srs many diffsrent

;;in of ilkini this iﬁiition as vnll a8 many qunnt!onl to ask, something 1ike

tha folloutng will wdat Ilicly 5- revaaling:

Hhat @ 1 iiotice 1f 1 focus not on thl fly as requested; but &n

the traln inatead? . . 4{

T

Nhlt ll nllili In thc -ulut!on of th!l problem is lonb nffort at polln] a -
nev iiéble- vlthln tho context of accnptlﬁk and trying to nolvc a glvcn problnu;
Hhctﬁc or not auch problu- poaing is gi!!zg neaded in the golution of a ;;6Bi§i
s an !ntcrcntlu. asud debatabla qu stion. 7'b011lvn that auch ;;;Si;; i;ﬁef;iiou

' 1a ulvayl needed, but I also balieva that the analyais of the sssertion vary such

a problem in the First place. (See !rmm. I

bingas on how It la that one dofinas

19811. Brown and Hallcr. 1983 for nddltlonll dllcunnlon of thll polnt)

The secnnd proble- rev éln -anotlier 1 tcxentlnz inrimate cunnuctton betiiiﬁ

prihle- solving and problem geheruting. . nolutlon depends (an f1luatration
of what we have aaid lbnvu) upon hov 1t ll!thlt tha prnhle- itaelf ia re-daffiiad:

nngh.d&hnr (something that is not nncnnnnry !n.thq uctnt(on o! Eﬁi ﬁiﬁﬁlen), B
hd Ll __ ool I _ _ . . A
then If tha lengths of tha sides of tha first two triangles are a and b raspective- .

ly. we can prove without too much fenfare !hu! thc lenufh o! thc thlrﬂ n!dc e

' Ta equal to’}j .2* i;z.
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Now in vie sense we have solved tho orlulnnl probles; In another i’e'i-iii.

Wowsver, ue fiave only hegun to soiva 1t. Most people who coms iipon eha solution,

v 8 -1?_:,—2- are iakan aback. The point s that it «mn. #s If thls 1s an interest-

. lng and ||ncxp('r((-d connoction (as a utur of tnct viié Which now snablea one iii:
solve the problca withont aseociating the atdes uith thelr lcngr.h-)r The-hct .
that the relntlonublp is s l’ytlwgore:n one, indlcnte;,;hnt. wa can i‘lnd the tMrd
alda aa wggcm.ed bclou: . - ) - \ '

* .

Mot matheaaticians who have not seen Eﬁi; problem hefore find themselves

. huded in an almost compnlsive selrch for ulmt 1a lnappénlnr,. ‘l‘hev are «lrlven By

aome variation of the question; . ) co i][

. _ L - [
‘ 1 s _arcas_sre additive for the squares 6o thic sides of a Fight :
trignple, but whl are they additive for equilateral triangles das | ;
well. i X . J

What cthis cxa;nplc lllnntutu yery nicely #5 that & prool‘ ar & solution ln]/' -
itself does not :\lunys reveal i ! tlitngs opcrate as E'liéy do. Smcthlng more

is necded; aml in this case tliat lodiefhlng more Ber,lnn vith a question. "’

Though it is surely the case tust Elie lllugeil solution of anv problem always

has l'nr:her implications that ong may assert as a probloem or a question, mnc is
not neceasarily driven to dis s 1n all ﬁiaﬁli‘iﬁi with the same kind of fcorvor as
in this ,ééw (S»e Waltar and li—aiii; 1977 Gid Keowi and Walter, 1951 for an
elaborntion of this dlsc‘: sion) © -

There arc pedipoptcal Implications Ehat Flow From these rolationships betueen
Posing and snlving prohlems. Seidents arc.not always awarg nf the questions they
oy ave Tuplicicly aiked Cismsaives 1 comiug iip with tiic solution to a problem;
ii@ there mijhi€ lie valie 1a encouraping them o explicitly ace what thev have
done. At €l otlict cnd of €A apectrimm, _students miy not at all be aware nf

-ddltlonnl iRt §oiin they “neea to" or might ask after they have nniiiﬁ;;;ii;

\ -

ERIC

Aruitoxt provided by Eic:



Ll
S
Ll

solvad a prohles: ; ' '
, s On Siiite;lu Yor Poun;: An Accepttntﬂede

!E t| one thlng PB nuq;est !hnt proble- posing 1s uorthwlnile, or cvm nec-

I 1€ u'nnother to be ﬂ:le to do 0. We shall —tn this subsection augaelt :

several strategies !or posing problems, some ¢ which arc well discussed in tha

Iltiiih’liii a'na no«? -ol which represent new diractions. In thh subnectton and -

the iliii; wve nhall look at the sctivity ot proble’ senerntton 1o » wode that

In so Boiiig. we ;eturn to situations o3 a ntnrttng potnt. Much of uhat ve do

5liere aight be qﬁ,pg.ap.rtate to-lppliy to .he .cttvéty of solving iﬁ ;i;;:;:l; iiiiii

problem as well, ‘(Se¢ Brown and Welter, 1983 for an elaboradion- of these two
. -
subsections) : . .

) What are the "things™ that situations sre made of? Among :7);;151; ;;;&td-;;n

L” - 14
) nre the fohoulngf # 7 .
\ ) i; M 1ike Cuisenaire Rods and the Tower of Hanot -
- 7. 2. abstract“thinga® ltke . A
(a) I[sosceles Triangles
}‘ or

(b) Nine Supre-a Court Jhlttceu encn uhal(tnii hnmln vith ea h h

3. datl 11ke

. ' (a) Primitive i;;iugorenn Trtpleu iﬂﬁlt!d hy the relutloiinhtpl
ol 4y p 87 (ke 3,4:5: 5,120 2629 . - %
- . » . A
N 1 . .
. (b) 5,12,19,26,33, . . 5 .- : o .
! - &, thea;::;; or. poatulates 1ike the Fundnaentnl Theorcn of Arithaetic

(every number can be &xpresacd uniquely as o product of prime )Q?
- . ’ > . ’
’ e

There sre surely more kinds of ;;éiiingi*’ that one might use iii a ifii’ﬁnngtu

nuon. but the shove sllould ser\re the purponﬂ! of ennhltng t5 e hiow the -aliiéild'n‘

we night ook to\mrdn 1a génér:in-hi q@(zitlﬁﬁi: . -
ol L4
(1) Estimation/Approximation
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Weve i A citegory with which wa are all familiar, thoush we tend not to
make as much use of 1t iii practice as we mimht. Riven phonomanon 2(b) for |
example, most people vith a 1ittle knowledge will ask: ilow many hondshakss

 ave there? OF courae it ia just as i1luminating (for aome purposcs) a quention

¢ L

(11 Internal and Ex¢ i :
Given situation 2(a), most pecple wfll ask tha rather familiar question:
What can you say about the base angles? Sgme people might extend the base
and ask abont the extcrnal angles. Compare thnse kinds of guestiona with one
Mke: _- - .
A
tlov many isosceles trianglas can’you join to form the hub for
-a bicycle uvheel? '

..

Wow doas the above question differ from the other lsoaceles triangia questiona?
i;lii worth pointing out that while the First set focuses on tha internal workings
of the phenomenon; the one dealing with the hub takes the isosceles tiiangls in
its entitety and relates it to somathing alse: Mach of our standard cHFriculos
13 focused on an internsl view of objects iind %‘éiﬁfi\?éi? 11tele cakes as 1Es
_ starting point the chject as a whole:
(111) The Farticular and the Specific

. - -

tive. Toke a look ai_ 3'above and pose sows problems. ,

Our encliantment with abstraction and generalizability frequently blinds us
from sceing the JﬁiQﬁéﬁeii of what 1% hcfore us. Moat people atiogi 3a) and (B).
will pose a i:i-éi:ii-ni eliat Eiiéipii“ tc revesl somc’ cii\’rariiig 159 Eiiii iui Re€nerate
&1l the termi: A carefil look at data, however, Eroquently sigpeats that there

15 wore to mee Ehat WIGNE be squally ad appeallif: Conafdst e Following for

exanple with rejrd t6 3§ . ]
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Each tr,lp’n,‘hu at_least o

wher divisible by 3, Ky &, and
by 5. will ehac kald 1a ge '

z’ L]

The ‘sbove 1a clearly not s dueatian Ehat would acise if our fucus were upon

. - . . ’i-‘
the more abatracr Py(hagorcnn reluiumnldp. , =

.

data t beyund a uuch for suma genersl sigcht uc xmctat!n; formwia?
© G onPassasitstry SR -
Many teaclisrs wish Uiey Kiew more about the histary of mathematics ;; that
they miglic be bettar able to motivate the subject. What i not uell lpprel:llted
Wowaver; 1a ENat & grest 9 dusl Gt intellectusily stimlating Eﬁéiiﬁi can flow

fro- an ctl’ort on the part of students es well ss .tesclers to engnge in uhat 1'

&ll puuﬂo;ldltory (iroiﬂl. 1978 ss well as Brown snd Hlltcr. 1983). As en

eunple. conqﬂcr the following kind of question concctvably ge;ng;;igi.iﬁ 4.
Whst might hove been responsible for getting . peoplc to look et

products of primes? - Tl

We can, for example, tluslnc s -atheuttu counun!ty that tocuud orlutnnlly
on expresdsing any given miumber as tlu sum of other nunberl. What Ilﬁht laive }
moved them to look et products iiiii&-d? '

Theac are surely not the only categories for gencrating problems while at|

the sase time maintaining an accepting wicw touards thie beginning sltuscion: |
———————— -
They do, huwever, ropresent s start; and with the exrupnon of (i) tand nof T

to be given nuch curriculum cdmtdeuttoii; It would bs & valuable Eaﬁtilsﬁiiéﬁ .
to expand both the 11st of "thtnm" upon which oiia -iglnf genvrari qications as

- well as the cntegoﬂel one -l)-;ht look té_'v’:iliai iii.ilii Réiiiiﬁilaii G!‘ ﬁﬁéiiiéiii;

.
.

Posing As An Adolcscant

In this lubu&ion we furtiier cxp.\nil tlu concept of probleu uencrntinn by
selecting s citustion in & mwods that 1s more romlniscent of advleacent Feballion
than s the previous subsection. Thoiigh parhaps the mont intrigiink, this ia the.
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@8pect of problem posing cthat Marfon Walter and 1 have written wore apout than
any other; aiid 1. therefore wlll restratn ®y natural tendency towards aéii;a;ii;;-
vith the suggistlon that you refer to relevant plecas clted §f you ish fufther
_ elaboration; o
1

The cocefit of challengs; threat o adolescent rebellion is wel] captured
by lofscadter (1982) whon he commciits; - ’

Ceorgge Bernard Shaw nogerote (In Back to Motlwmelih)i' “You ses i

things:  and you say ‘Why?! _Hut T dream_things that nevar were; and - - ¢ |
I say ‘Uhy not?'" when 1 first heard this suphuiom. it m

* las fmpression on we.. T6 "drenm things chiat iiever e his
not t _a poetic plirass but a t h_about b ature, Even_the

. dulicse of ug g endoved with tis strange ability to construct
Counterfnctual worlds ang to dream. Why do we have {e? .What senss
does it make? . llow cai one 3i§§IL°!,9!gn,"iéi"fiﬁii is visibly nor .

rel, . .Making vatiations on.a_thewe fa_really the c

t the thewis 1a crazy. fiow car
latione simply derivative notions, _
(p. 20).; . .Caralul

creativity. On the face of 1
posaibly be truc? Aren't vi

c 0 Bue that what wa choosa to call a new theme is_fteelf alweys
some kind of variacion, on a deep lev5§ of earllar themea (r. 29),

- s e o L
One can start with a deflnltfon, @ theorem; a €oncrets materfal; data;- or

sty otlier Pheacncuon and tnscead of accepting 1t as the given to be explored;
mmﬁ%@ﬁ@ﬁﬁmﬁﬁﬁ&%?.f'
Couslder for example the definition of a prime number: -
A natural nusber 1s prime 1f it has sxactly two different divisors. *

Now the “natural” fnclfiiation of the standird curriculum 1s to use that
- e 3lio: all kinds of Ihlis- & —i-ic—— - - - &
it of information o prove or sho. all kinds of thtiga. An adolescent rebellion

. L - 4 . o . - _
o the other hawl mipht generate a hont of questions 11ka;

*What's so wjecial about numhars that hﬁg§7§i§e;jg tvo different

divisars? What kinds of nunbers liave exactly throe divisors?
A\

‘Why do_ue focus aﬁfgggiiSEj,gian ve Tiid numbers thar live exactly
two different elcments to form a sum? -

.VE. o _ o e I -
*Why. ace W& fociising on different d1visors? can numbers have ths
same divisor twice? P .
*Wiy do ve focis on natural mwmbersl Suppose we look tnatesd ae
fract)oiis or the net of odd interera,
«
; - f
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: 1 nhlll not contlnuc vwith tha 1ist of such guestions that can bs generated
'.to challcﬁéi ruther than accept tﬁiibﬁiéiii of prime nuaber. (See Brown; 1978,

i;él for a thorough development eupec!ally of the last question)’ Lut me marely

loalc-te thnt such actlv!ty hep_ B u!lt-ln kind of irony; for it is in the act

reﬁela. In that acnse challenging "the given" as a stratégy for proble- genern:!ni
has tha potential to be viéued ss a leas radical depirture from standsrd curriculum

S - .
than one might othervise believe. . .

¢ Marion Walter snd 1 have taken ths insight ;of challenging the given and created.

@ schede which we call "Wliat-1f-not." A nusber of pcople both within the GHESG group
snd outsfde of it, have derived some fascinating and imaginative concepts by employ=
» Ing the acheme. Though it is possible to approach that scheme in an overly mechaniattc

manner, it 1s aiso lom;th!na thst cnn be done with taste.
Suppose onc wishes to do s “"what-1f-not” on the Fibonacci aequence:
1,1, 2,3, 5, 8 13, 21; 3; 55,. .. .
For the first stage Si{EﬁE scheme; one 1ista the ;iiiiiuieg of “the thilng," withoiit

< ‘

vorry!ns about such matters as comploteness; repetition; elegance of sEAtemant,

!ndependence of ntateuentl and @0 E;;Eﬁ. Thus we n!ght llat among Ehe aEErlBuEel:

s i 1. The sequence begins with the same firat nunbar.
¢ 2. The firat_two numbers are 1.

3. If we do_ something to_any two nuccennlve (grne. we get EHE next

_ number in the seqiucnce.

4. The something we do is add.

i

Bl ok B e e

.

At the second utage; ve do & "uh-t-if-not“ (hence the name of ths lcheﬂe) on

one of the attribuics, For example; anppoae we do & “ohat-1F-1iot" on ﬁﬁiﬁii 2 EBBVii

‘s

1f 1t 1s not the case that the firat two numbers sre 1, wa ask what they -lgh: be?

L4

- i

Obvioualy uggcould seiect many alternatives to 1 @id 1 ai o starting nuabers.

vt

Suppooe we €éhose 3 and 7.

Lo

At the next s stnge. ve ask aoms Hew set of quenf]ons nﬁout the uodlf!ed phcnou—

* enon. 3655;&; we boxln by nsklng uhnf Ehe new segiicnce uould louE like. To cont!nnc
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the procesa, we [inally engage in the kind of activity which most peopls fiicorractly
_—— — — !
aesume 1s the essence of mathematica--namely we analyzs or €ry €6 anawer the queltlon.

Thus, 1f we ;Qiiiiiiﬁ the esaential deunltlon of the origtnal ssqusnce (nmthln; . -

. we need not necesurlly feel obligated to do); we would ger: . _
. - L]

3, 7, 10; ;l?i 27; ‘l; 71; [

ﬁSGiBﬁ“EBER to the stage of iiii' some new sst of quastlons, we mIght aski
‘Is there an explicit formula to xiiiéi'ite Eki iiiii term iho\‘ZEiiiiiii:l?
*llow do properties of thl- lequcnc compare FER Eﬁiiii 6! the qriginal
one? - . o
'

An nnnlynlq"bl' these questions revenls soma ve very tuclnatln' levels. Peopls

who are famiiiar with properties of the original Fibonaccl sequence, in analyzing .
the second quention above, most likely would look (among other thinga) at ratios.
of succeeding terms. Choosing smsller to larger adlicest terms. ve would gott

.42, .70; :588; 1708, 614; 162, '

§omeiﬁin§ snclls ii- tn ﬂie equllateul triangle e:nmple ln lhe previou-

;ﬂi?iéciioni f-ééﬁiiii: ai are lrrlvlng at ratios that appear to be very close to
the "golden. ratia" (approxlvﬁiiily 618)--no.elhlng we expect from the_original o
— - — e > ‘ v

B Ftbonncétéﬁitiﬁéiiée. Why Is thnt hap, entng?

] In nnnlyzlng Ehe quentlon lEovn. one i3 thro!n back to\mrdl an snalysis of

e

We have Liarely begiin €o iié;tﬁi vealth of surprising results in making use
>f the "Glist-1E-iot" steategy on the Pibonaced sequence. (See Brown; 1976 apd -
Irown and :ﬁiiéi; 1983 for & more detalled discussion) In this brief sketch;
Jousver; we 1mplied the valiie both of carefully employing the varfous; atqges of
:he "what-1F-not" strategy and of Intarralating ticw os vell.

ln Eloslug. lt h uurlh pointing out that deaplu efforts to mechanize the’

’

iEiEES; zhe process lends to !lude a compnterlu'd .emallty, for ft- l

(requent ly )

N
A

‘sea" unme uf the attributed to vary 1In the first pld:e. El-euhae (l!rown, 1971;
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Aruitoxt provided by Eic:



=63 - . !
1974; 1975; 1981) 1 liava shown liow 1t 1a that uas of poctic devices much as :
metuphor and Isigery, snd such husan quelitiss ss flnding surprise aid £11pplag
f1gure end ground frequently account for our ablilty to see whet it {s that is
supposedly ataring us in the face all slong.
Y
1 4
'Y
2‘ _‘; ’ :
L i ) .
.r N : X
R v . ]
p . . - :
4 ©
.
R . s
\ 8 Y
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CAHADIAN MATHEMATICS EDUCAT 10N STUDY GROUP
JUNE 1983 MEETING (VANCOUVER)
ieﬁri of iﬁriiiiig f:i-isﬁﬁ A

by Claude Gaulin » d Jim Switt, Co-chairmen

&

The Working Group set as fts aim the development 6?“. set of guidelines for the

lntroductlon M’ work on stctlstlul thinking into the core curriculun. The con-.

centration on. STATISIICAI. tMnl:lng was deliberate: '(he group recognized the l--;.\?

portance of also Including PROBABILISTIC thinking in the core curriculum; but in -

the limited time available for discussfon, 1t was judged prefersble to concentrate,

on the area of developlng sutlsticn thinklnq for all. .

A prei;oreqnlslte of the develop-ent o/f/ statistical thliiklng s a SENSE OF WR.‘;
which must be an Imrtant objectlvc of thé iathmtlcs core curriculu. nmr L
sense ls undérstood o lnélﬂdé Such concepts as esﬂutlon. accuracy and slze. ind:
such sHHs as roundlng and ulilng cpproxl-ntlons. .

"xUllS FDR 'I'HE DEVELOPMEN‘I‘ UF S'I'RTISTICII. 'I'HINKIW TUR ll.l.
1L Io develop critlcol cttitudis towards conclusfons based on comonly
used statistical arguments.

2. To develop those sHHs of data explorctlon necesscry for cchlevlng "
"~ the flirst gdal.

3. To develop an awareness of the uses of statistical crgmnts. .
‘ L . .

APPROPRIATE STATISTICAL TOPICS FOR TIE CORE CURRICULUM

The topics fﬂl into two broad lrels.

{A) The tools of data analysis . ;\..j

(a) Numerlcal Jpwuu.u ) -

Collect!ng data and presentiug thew {n the form of tlbles. averlges.
- percentages, proportions, ctc. N

iﬁié?ﬁr&iiﬁi i formation pnmsted in the forms wentioned ibﬁvé.

=, tlslng averages and measures of varfsbility to 1)luminate data.
: Detcctlng pitterns in dlti. - ) e
Recognizing appropriate and inappropriat of numerica) imﬁi‘léii
. s




{b) Graphical swmanies

Collecting data and presenting them. in graphical form. Appropriate
forms_finclude: circle charts, scatter plots in one and two variables,
box and whisker plots, stem and leaf plots, har graphs, etc.
Interpreting information presented in the graphical forms mentloncd above.
Using a varicty of plots to i1 luminate a collection of data.

Detecting hidden patterns in data, -

Investigating values that appear “different” (outliers).

Making comparisons between collections of data presented in graphical

form (0.g. comparing box and whisker piots of two sets of hefghts).

Emphas is_and meLthodology

The emphasis should be towards_providing ways of overcoming the mistakes of

~ Judgement that so often arise when data are examined. _The work of Kalineman.

and Tversky [11 has clearly shown some of the kinds of mistakes that can oc-
cur in this context. ) ) )

- Students should be encouraged to develop their own_interests by collecting _

and cxamining dota from any subject that attracts them. Project work, fivol-
ving the planning and execution_of an experiment that includes the collection

- and_interpretation of data:.is a)so_a most worthwhile activity. Much attention

could alsn be given to the compilatiqn_of a_colle:tion of interesting. activi-,
ties; data examples_ from newspapers, case_studiés from practicing statisti-
“clans; wtc. that will {)lominate the teaching of statistics. (21 .

The computer_and_the_calculator_offer considerahle opportunities. for enhancing

- the_development of statistical thinking. Studciits can concentrate on the use
of_the_tools_of data analysis, not as_ends fn themselves, hut as a-way-of-ex-
tracting Infermatlon frem an intaresting data set.  The compititer also facili-
tates_the_cxchange of data séts in a format that allows studentsca convenient
_form of access. . . i
Statistical thinking is not_confined to_tbe mathemstics curriculum. . Teachers - ¢
are strongly encouraged to Yook for applications of statistics n other subject = .
‘areas. In_addition, the_development of statistical thinking-fnvolves the use
of many wathematical skilis and techsiques, e.g. work-on ratios, proportions,
graphs_and nuiber sense. .- Such reinforcement is a positive feature of a stronger
emphasis on statistical thinking. : -

. (B) Sample_surveys and their interpretation }
iis Developing §iijﬁij§§i—§jtjij§j‘ij§ of, and a critical attitude towards, sta-
_ _ tenents made about surveys. ° .
(b) Recognizing misleading interpretations of survey daga. (For example;
. such statements ‘as “the Liberals have fncreased their share of the po-

pular_vote by 2 £* are misleading when the poll s only accurate to 4
percentage points.) N ’

ot
-
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(Q) Developing an Intuttive understanding of how a sample can give In-’
o fériﬁtlc}n iﬁ}iit a i@ﬁ_}i!it'b:li;i o ! ) : .
(d) Ustng elemcntary methods of obtalning a sample from a population.
Emphasis and methodology

The emphasis should be towards those activities that develop sn INTUITIVE.
derstanding of the uses and Iimitations of surveys. Methods that yse -tech
nical jargon and emphasize prebability models are.not considered appropria
for the core curriculum. One successful approach has been.to observe:th
varfability that occurs when samples are taken from a YES/NO popilatinn:an
to sumnarize data from 100 such samples 1n_a box and whisker.plot:;{31.Thi
approach does not involve the use of probability statements connected with
veys. In its deliberations about methodology; the group was very.conscious:e
the importance of dealing with misconceptions concerning surveys 1ike thosei:
- shown_in_the work_of Kahneman and Tversky €11. _A"valuable goal in teaching;
ithjgi topic is to att at overcoming such misconceptions as occor at a very ‘b
evel. . . . e g

Students should continually challenged to ASK questions and be critica) ut;
a_survey. _Appropriate questions might_ include: _how were_the data collected?:
Did every member of the population have the possibility of being included:
the sample?__Was_th~ sawple_representative? Etc, -Such questions-are
ble _source.of learn;ug, particularly when applied to the surveys that
condocted in other courses in_the school. cGrriculom, There 1s no better w
of revealing the limitations of survey techniques than by being actively-Ir
volved in one. The discussion fqllbwinq such involvement can be -11lumin
The area of sample surveys is one of the most frequently reported areas of
tistical thinking. There should be no difficulty-1n-including a strong emp!

sis on the use of newspaper sources when this topic 1S being taught.

»~

(17D Kahneman, P. Slovic & A’ Tversky Judggent under. uncertatnty:;heuristics
___and bfases. Cambridge Univérsity Press, 1982. ) ; :
(2] cf. Statistics Teacher Network, edited by Fro.. Apn Latkins, Dept. of Maths.
__Los Angeles Plerce College, 6201 Winnetka Ave., Woodiand Hills, CR 9%371.
(3] . Schaetfer & J. Swift Information from Saeples. {To be published by the
ASA/NCTM Joint Committee on_the Curriculum in Statistics and Probability).:
Note: a YES/NO population 1s one to which the words YES or NO can be attache:

to each member of the population (exampie: a population of black and -
white balls in a sampling box). .
APPENDICES

Appendix 1 Statistics fn the School Curriculum, by R.J. MacKay
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R.J. Mackay ¢
thiversity of Katerino

The purpose of this note is to;outliine the major problems nf

n the school currlculim. By 2

: Inchuling “respectable statistics”
specifylng these prohiems; 1 think we can dircct our encrgles ssefully
and not waste s large amount of timé discussing Irgslevinc ios: ‘
My first point Is that there s no need to declde what the lmportint
toplcs are. The list glven below can he gencrated using many different
criterin; but | helleve I the eid that the 115t prodicod will Took mich

like the oiic |'m glving. The crieerli 1'vo used to aclect these convepts

are first that thé tople should 1and to tho imderstanding of a froq

eacoiint ered coiceopt. ﬁié iaiiie should be “vivid and exclting® and
 Firther teachers should be able to Iink the toplc to other parts of

a matliematlcs/compnter Scionce curriculim. '

The first.criterinn is one of relovancy. The socomd 13 mseful

In consldering hnw-a toplc is to he presented. ﬁ;i'ii.i'r.i criterlon js

pragmatic, and rccognlzes that: statistical Ideas will he presented hy .

non-spccialists in a mathomatics or computer science setting: Fnr the

teachers'sake, tho statistical idens must ‘he ticd to thelr num disclpl lie;

The taples glven helow can be presented at many levels: | hope

.3

Rricf cxamples will give you the flavour that 1 feod s requireils

*The Ldeas on this nate aroso from discusslons with Jim Swift, Roger
Purves; Brian Graham, AIf Waterman, Ted Benttcry, Jim Nakiwoto and others.

~
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Potential Toples - * : %
- Y
A Nuaber sense )
(u) soflmini blj _and_ s-nll nunbers "lf a super mqmtcr .
i

- can perform. 50 million calculations per sccoid,. 3
) r " 150 mathomaziclans can_perform tha some cnlcnlnnons B

ulio per nconil?" ) .
{victoria ‘l‘l-es-Cilouhi K[nll 24. 1983).

. . (bj Mogrnﬂny of a-nusber

. ® Ty WAV E"E =

{(Victoria ‘l‘lul-Colonlat. Febhruary 7, igﬁii. .

3. Sample susroys

rd

- (a) Mropresentative samplos
(b) Erom iS;Bi% to population
- (c) sampling ﬁ;iib“hy N
(d) mn-snuplinz cnjors.
C: Statistical relationships and causstion
(a) 1t looks like o pattern but it°s only chawce varlation:
. . ) (5) IE lﬁélis liio éhinéi v-rlaﬁo» bnt there ls a patrern.
iéi mliing conparlslons in @ non-deterministic utﬂng.
D. Uata anslysis tools

) (l) nuaerlcnl su-arlu leg. averages, percentagos, tables).

{b) grophical susmnrics lcg lcnttor plots, box and uiniskcr plot eté

—————— ‘

(s) To make thege topics vivid, thcro are scveral possibilitics: .
-’

(i) the topics can he used to motivate mathemutical ideas, .

for orample using scatter piots of reai data to iatrodice

cnrteslnn coordinates.

(i) the _topics can be int

experiment in which the

stions of interest are askod
4 first. .
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(ifi) topics can bn introduced:is part of n computer scicnee
exercise.

- (iv) statistical fdeas ¢

eg, _Given flve obsc

,,,,,,, p]ﬁs an. uukuown \lxlh
value x ; plot the mean and lhc median of the duta ax
x varles.

m Prohahlllty nas_been exclinded from tlic_list except for
‘ot ;han;c erinliéﬂ., _i_think_probibllity can be incliided. ln the

{c) Inrnal stnti«tical proreaurcs shnula ot bc lncludcqrjp the s‘bool

curriculum, bcsé methods arc {rrelovant for most studcﬁts.

Problcne

can be nddrc«scd by this

Is a 115t of prohicms which 1 thin

workstiop using the given topics as a rcfc

1. Identification of source materinlsgsxamples, potential prajocts,

classruom experimcats, tcst/homework prohicms, computer

software cte.)

cm to make these materials

2, developaent of ‘s delivery sy

avallable to practising tencl rs

KR .dcvelopucnt of _source nntcrlnlu with (anndlnn content {or

heteer, of interost to Camadian stideonts) -

4. creation of Ideas for_linking_statistical: concepts to -nthruntlns

and computer science cnrriculn. R

$. tcacher trnlnlngfrc-tralnlnz.

~
~J/

\
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TRAINING IN DIAGNOSIS AND
; REMEDIATION FOR TEACHERS
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REPORT TO CANADIAN MATHEMATICS EDUCATION STUDY GROUP :
Re: Working Group B: Tratalng 1n dlagnoala_and remedlatlon fof teachaci.
June 8 to 12, 198)

R In rocent yaara thers has basn conaiderabla emphasis on dlagnostic
prescriptive tesching. In mathematica education this has taken tha tora of :
snalyzing compitatlonal atrategles ussd by children aad thon recomwending
appropriate iéiiiéiiiiji Bf incorrect procedurea, Asmoclated vith this concarn, -
s Feu ediicitors hava prepared mathematica diagnostic fnvontories useful in the

" - Guseawnent process.” Further, ssveral inatitutions have astabiished mathematica

_cliifes. Somc clinics offer a diagnoscic aervice onlyi othera offer an
sasociated remcdiol component. Theas clinice are usually justilied to the
| parent tnatitution in that they provide a servicafto the: communtty! offer a
research sstting for their faculty, and can ba ufed to train teachers. Occasiop=
ally a course 18 otferad in “diagnosia and remediation in metiwmatica® utilis= -
ing the clinfc facilities. Typically these coursss are available to graduates
of senior andsrraduates. A atudent Wio eiscts to take only the regwiar fntro:
ductory maticantica metiods conrsd would likely have very iiiiijjié;ai;_;;a to the
“ifognost ic and remedial® concepts. ' |
The purpose ol this Working Growp fa to ;;i;iﬁ_.: wore closely a Eiio-ond-'m"f '
ation thar all teschers be trained to handle disgrosis snd remedistion ln the _
regular clasuroom i(ui.;}i.ii form thia _;ii;i-i take. To ii;iiiiiii iiiéu;;i;;{; h
selécted monbers would be asked to prepare papers which swmmarize dfagnostic - L
aud clinte muici;;;i’ioiil for preservice and fnservice aitustions,.and i‘&iié _'1':
questfonn wileh Tocus on thia Eraining: L o
[}

w
Q
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MEPOKT OF WOHKING CHOUP B:  Tralning in diagnonls end rewodiatish 5™~ 3 onctisra.
LEADERS: Doiiglas R.M. Edge, Uriverslty of %c!i7sh Calumbin
vavi¢ F. R-titatlle, Univeralty of british Coluwsit

In the past sevoral yesrs working grouss of the Canudisn Mathematics

[y

Educators Stuly Group have concentrsted on various aspects of diagnusis and
resediation. This year the working group focusued on whst Lraining, 1f suy;
teschera should be given to develop their mathematica—related diagnoatic and

remedisl sbiiitles. Discussion vas divided into three sreas: . = . .
L]

* regular education undergrsduate students :
* specisl educstion * -

. ¢ grsduate students snd ressarch

The outline of this report psrallels that division. Xey polnts are

noted along with resulting suggestions. snd recommcudatlons. N

1. . Regular undergraduste tescher prepsration: o

8) It wos sckiovledged that many wtudent teachers hiave great difficulEy
with elasentacy mathematics concepts. Although aeveral approaches
to_thls problem were consldered, one wes presentsd In wowe detall,

AlL stidents enrolled in agslementary mathematics mechods course

vere tested for functlonpl numeracy on content typleally fownd I . -
grade seven-and aight mathematics textbooks. Studenta who d1d not
aclileve a pai. rculst scofs wera thion ssked €o report, €o a dlagnostic

centre for further tastlng. These atudents were then dlrected towaid

O
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several lunves wergsllned which result In the nced fur further

study. Wiat conatichtas Functional numeracy? low can It be

measnrad?  What role -Inmld the -mlvernlty plny in yruvldlux tlw

nceded iewd ht ion?

mnil rewillntlon lt appears Ehnf. thc -nthmilrn content ln lwnvlly
0 -
lilased In favour of arlilmeilc. piagnonh rlrely lnvolvcn ueo-airy. .

: proBIe- sulvl ng or Eiiliiiliiii: Kéiéilii!Gii Ei-iiai tu enplmal:e

basic facts; place valus acd algurithes. Several &

talned that the achools lisd obllxatiois to teacher all children

certain "basica" including the baslc facta and relevant algoritheg.

Others noted thet with thie avallablllty of hand Keld calculators
the extent of thia obligatfon had to be resvaliated.

it was nuted that until recently in spedial educatiun, diagnusis

typically concentrated on identifying perceptual deficita, such

as auditory or i}iiiiii perception H;Ei’iiiié:tiiiiii, of non-achicving
students. 3In mathematics eiucat fon,” the. diagnosis was much mors
task-analytic oriented. That is, there wvas more of an attempt to
ldentify specific content objectives where i-EEEEiiii work was necded.
1t waa recognized éﬂii the current trend toward the iﬁi;ﬁiiiiéﬁ

of botls approachea is dusirable. Further study is needed un the
extent of the intsaration and on the emphaais the perceptual
deficit compor-at shosld have In a mathematics metlhiods course.

.
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dlagiostng- students’ ategmpths and veaknesaes, it fa difficult to
. -]

17 tecms of hat to expect I a regular mathematics methods couras,

Qteferentiate kagiifﬁ “dagnostic-remedial mothndology" and

“tradltional classsrcom methodology”. It vas suggested iﬁi} s -

methodology course.would fnclude the teaching of certain principles
such sa: . ' .

* intrnducs nev concepts using materisls then move toward

a aymboiic level

el o &
* use s four-step procedure to illustrate how to appro-

priately tranafer from the use of concrete devices to s
»*

ayabniic level; and

utilire s tesching model that incnrporates explorstnry,
et ... _ __a N <
understanding; consolidating and problem solving levelas.

It ‘was recommended that this fntroductory methnda coursa HOE

concentrate nn formal diagnosis; auch as the uue of standardized

testy; but rather on the preparation and uses of {nformal tests.

Althaugh there was xome concern expressed about the value-of SEfof
patteen anaigsia due to an fnabiliey to classify and desceibe all -
errors, there vas & atfong feeling that atudent tdachers should be
exposed €o the cancept: IE would aseve €h senAltlFe Ehne sEudent

teschaes to tlie kinds of ereors childten can miks and a4 a tesult

would help them bring s preventatlive focus. to thelr teaching.
_ ) oy

- - <
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L1
2. Special education undergraduste ”””f’;
a)  OFf the acveral programs discussed, it sppesrs that apecial educstion

. . atidenta are required to tske courses that fall brosdly into thras

categories, Firatly, they take some courses that are in comson with

regular educstion students auch as resding and mathematics @atliods:

Secondly, they tske special education-specific courses sich as .
. tntroduction to‘the mentslly retarded or the lenrritng diaabled:

These .courses may or may not include componenta rslated Eo EeAEling
(1landardized or informal); to developliig diagnoatic akills snd to

E;;;ﬁi;;i;éiéiéhini iechniquei; ;ﬁii&iy; upeciii Eéﬁéiiiﬁﬁ htuééﬁii
Renerally select courses frow sn optlonial 11st wilch, altliough vary-
ing grestly from institution to inatitution; cften does lnclide a

expresscd In that many graduntes of these programa will work sa

- - - - r .
résoiirce personnel in Jearning assistance or resoinrce room centres.

work of a learning assistence centrs is focusaed on mathematica, s

courae in corrective mathematica techniques shiould be vicwed as
’ compulaory to the tralning of the specialist. 1t wae noted that

ugltna thene teachars ars given trainlig In dingnosls and remedia=
Uion they are likely to utilize such atandardized teats as the
Wide Range Achievement Toat (WRAT) or the KeyMath aud make
wpiicific inatructional tecomcndations in apite of the murvey

nature of the teata. g

O
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Severnl members of the Broup also expressed the opinlon that thie

Ll S h oL B

training of apecial education teachars ot the undergradiste lavil
v

nlu;uld i-& revhved. ﬁlni- nuiml;- imiicnimi llut iiié ikllli

required of s competsst remadisl tescher could bLe obtalned only by

firet working wich clilldian 1n'ragulaE clawsroom acttliigs for

prasceipelva tectinlguca; 1I1Kely at a graduate lavel. _
Clinical programs ware reported to have varying degrees of success.
Sume clinlca ate asaociated uith the taaching of a particular

tourae. Althiough thia provides some hands-on experience, diffi-

sed

éili]ii with l?ﬁi i;ﬁii;ﬁiiﬁﬁiﬁi: following-up iiié&iiii&ﬁ{ bl
referring population, ‘and travelling time 1imit practicsl experience
for the stxzdcnt tsacher. Other clinics are opersted independent of
course teaching. Io this case the i;;;ai;ii;ﬁ does not have to be
for a longer period but it involves other problems such as the paying
and superviaing of qualified tutors.

Clinics uperating dnring the aummar acswicn shore some of the aome
featurca sa clintca held during the fall or winter but thay lave

two major advantages: Children con apend more houra per day meudy-
$Ng mathematics. .Anégféhiiéicn are more likaly to pnrticipaté .

iﬁii;uéiiénlj iellionl on pfobic- ibiviﬁi; seasutresent iﬁa geometry.

No ;5;!;1&1& ;ctomentiuiiontl ol; luenﬁonﬂ wére fbrzim&n’iﬁi;
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3 Graduate pragrams

tevel was h;iéii} Ji;ﬁunsed. here do nnﬁ seem to Yo any currently

éiiﬁllng;lﬁ Cannda. The sftuatton o eritical amt requirén tiscil {ate

attentfer.  Needs wore 1dent1fied for the developisent of Gn Appro-
prince-cnntaint taxonnsy ss well as fur usefiil dINgHoStIE |NNEraments:

Furthér Lifnrsaclon ta alan noedeil on remedial teclinlgues, Are
tecinques €nat are routlnely recommendod Fof iise wiil mlemeiitary
sclivol éhildeen applicabla tn atwdents i secondary scheols Should

tintroction Enr meaning alwaya precede driil? Which tnpics must be

taught Initially using cnucrete materials?

A piupnanl Eor u Haster nf Education degree prngram in mathemat {ca
educacton with a focus on diagnnsie and remcdiatinn was prescnt sd.
This propusal, presented in Appendix A, suggRested that cnurscs in

mathersilzs education (fnundatinns, advinced methods), educational

1ittons (learning theory, human develnpment), rescarch and
measurement; ‘and fleld experience all be required cumpnments. 1t

was nlun duggestcd that etudents besglven oppnrtunities tn select

o _ o _ o _ o *
special education, and reading educatinn. .

7



Alehoizh thete sppesred to be general supsort Ior the proposal,
tvo additional recommendations were made. Firstly, 8 course in
attaatfon should be glven to tha preparation of an integrated

Masters of Education program in disgnosis and remediation. ¥nr
exampli; 1INt programs {n mathematica and reading, mathematics

‘

b) Conducting rescarch in diagnostic-remedial settings has pressnted

special problems. It has been difficult to carry out experimental
atudies using large sample aizes Biven that clinical programs )
" oticn contain tos few subjecta. Hence, researchers tend to rely !
on methods uhich ure case atudy spproaches. One concern related to
 the use of case stud® resesrch vas expraqaed. Thia rescarch tends
// to be E}ESiﬁéiii - generat.ag in nature rathef than Ieading to

i -

spectfic or "practioner-oriented" Lonciusions. But; it was noted -
that currently more resesrch is util!ztng case study wethodology:
This 1a 1ikely dueto the respect st~ rded t -, e high quality;

insightiul reporting based on thec: v u - wex.

Rathur than make specific suggestions or recommeiications relacing
to dlagnoatic-resedial seseazch, cha group fociased on past and
‘current studles: Ertor jattern sualy 's was dlsciuwsed: Resvlts

aré often 21ff1calE €5 cleanily and Chls 1&d €6 soms cony oratlon

)

of tlie valoe of pursulng thls line of study.
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Clinice were scen ss good sectings Eo examins vAricia pedagoglcal
models and remedisl techkniques: wodels such an teachlng cycles

or transferring from concret® to iyibai; snd riiiill.‘.ll tachniquea
such as the une of contrasting slgorithas or of specific manijv=
Intive materfals: The extent of compater as In remediation was
mentioned and sppesrs to tequire much Furtlier inveatigation.

An additionsl ares thst recelved consideration wan the develnpacnt
of dingnostic lnatruments. Examplea given included the U.B.C.
MEDIC Checklist and t5e Maryland Diagnostic i@ .  fent.
Carcyl Xoe (0,BiC.) diacusroc Wer surrant re. 7.1 -.iri Inviven

the tevelopment of & dlagnostic checklist for aniviuh lincar algobease

cqantions,

L Y

; . SUMHARY A
Tlircughout the several days ﬁ§ discussion seversl major themss appeared
tn récur. . Firatly, diagnosis 1s an assentinl comy of s11 gond teaching-sud
- 1 s
hence must not only be conridered for that zroup of children {dentified ~a in
need of special help. Consequently all pre-service tenchers need trainisk :n
this aren. This training should include expcrience in the preparvation ang furoe~
_ pretation of informal testing proce’ures and with the development urd inmglementation
of appropriatc remedial cechniques. ' :
. : ] .
' é —
; ] : -
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Secondly, mich more extensive use must be male of the hand held cal-
culator. Thie is tmperative when wnrking with older cilldregguho may have buen

struggling unsuccessfully for suveral years with particular facts aud nlgnrithms:

Vi

the computer should receivc the sams emphasls.  More

1t wes nnt as clear @
atudy Si;;§u role of the computer In diagnosis and prescription is needed:

. ’ 3}i§d§§; specisl education studente r:quirc much more expettisé related
Fo diagnouis and remedistion of -ntheﬁit{fi learaing. When clisse atudents

becoma teachers they sts typically expscted to have a high lavel of ibijity 1a
working with clilldren who have mathomatics 1&stitig dMEficultles yet it appania
€hat, ac best, courses which would prepars Etliem for this taak are optlonal

< - -
.

Othat thcwes were al#6 apparént. Thars Ia no Intentlon to suggest that
these are luas Isportant. It 1a miaply that they recelved less attention thian
ihis Flrat three themes nhied above. _

Flistly, Master's level graduate dcgroe proprams need be prepared.
Couies + +ild maln 3ln a focus on mathematica leariiog, but necd to addreas
diagivstic and remedlal concerns In related flelds, sych as reading and special
cudcation. It 15 also possible that this kind of grajuste program snould cowa
to be seen as iiie way £0 Lriin “special educators®, rather thin undergraduste
degree progrems. ' ’

- Seccndly, vastly more intersst needs to be shown toward the leatning
#zoblens of sdolescents at the secondsry school :svel. The dlrec:fon for this

futerest sertainly must be directed towsrd diagicstic and remcdial lesuas but
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- 8h -
aust also foclude the development of relevant; aprlicntlon-orlented courdes.
- Watered-down vcruionn oi’ éiiiiih’f - t

- The worklng groip sddisascd miwernus lunues; In some cnwes tliv making
of spectflc swigentlons seumed.appropriate. In othior cawes, 1t wos recopnized .
that furthor stody of a toplc was requlred before rocommendations shionld be °
sads:  1E 17 hiopsd €hat futare worklng groups would ba organized
_X _ o 3 I
'1n sowe detall one_or more of th

to examine:
esve igsucs.
»
Vs
o o )
i e . o,
,/ . .
N L ,
e l - \ i
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, APRENDIX A . ' -
v ’ 1 N ' '
PROPOSAL FGk A MATIEMATICS EDUCATION PROCRAM FOCUSSING oON a;aenes*s;aua
REMEDIATION 1IN MATHEMATICS. .

PRERW}UiS!TEi iﬂthoﬂ-‘ltlc. -ethoda qu con;engii(;\glggjolcz .
)

ntroductlon to Diagnosis and Remediation (

) SUCCESTED COURSES: - UNITS
“ 1. Hath Ed: Diaguosis and Remediatlion (5ot 20
+' Foundations_ ($45) _ 1.5
Math Teaching: Elementary (561) 1.”
_ _o®_ _
* Math' Teuchlng- Secohdary (56!)
2.. Foundations: Learning Theory (501)__ 15
Hussn Development (505) . 1.5
3. Research snd Measurcwent: Research 14 Education ) i.s
Methodology (508) ‘
4; Practicum: Fleld Experience (598) - 3.0
OPTIONAL COURSES: Sclected from following - 4,5
History of Hathematics (485) o *+18:0 '

mntice Ed n;lqn. Elcmentary (488)

al Rcading (476)°

Introduction to Research (481)
Introduction to Statistic~ (482)
Behaviour Disordcrs (515

Learning Disabiticica (526€) St
ring_Impatred_(530)_
it iple Handicapped (537
- Enrly Childivod
Teating _
Adult EBdueatlon )
Edccacion for the Glfted ' : : )

.

* Nuabers refer to V. A.2. courae numbera.
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MATHEMATICS AND LANGUAGE
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nnlh. Llen nd Lnnrna“c

cirne. o( phllouuphy o heos the cnpln.ltlnn hat_lang=
In o cxact meallume  Philosophers verballse_ond
duppise that (e Jden Is stalcd for il time,

o §0 It weee Nlated, 1L woild weed to_bie rentntad
fir cvery contiey, ﬁcrhdpn every pearratfan. . Plato s
the only one vl

ke gave

and romes acarer to tho teuth, In a tho yecars
tL iy be as cummonly used as in spoech taday. -
= Af- Mbitchond

1ud _ondy thane things tha

cnrrcct(y shnnld he ablc to tell what St means than there
16 why_a plasct vhich is moving correctly slonld know
Kijpodér's lowi: - - - ) C

i ii to iii" ﬁ,iiii-
wr, bl only a gimhile thraugh &ode amall
e In thal the semarks may tripper

Tho ofen i# voat nnd malily unexploreds

¢ -are worth pursulog.

hall kecp vell avay From the repion .ignponted lhthe-atlca 1n a

fwguage.” 1 belleve dt to be uninhabited.

Tuo papcra which attempt some coverage of rhe around for che mathematics

cys are really

t that comprehcnsive s

mit_of the question = there fs too much to cover. lore practical, and

sure uscful; would be s map (graph; [low-chact; diogram) of tha whele

area suppicmented by surveys of pacrticular localities.

Fur this paper T considce three chunks,

-

92



O

ERIC

Aruitoxt provided by Eic:

 that
d ea thal 1hwey enn talk and wrlto
nbnul Ea thie luuru1rp. Whici we teach mathenitlen we usa
that we have Lo tearti the iz ¢ of nathemat

Ghat th@ studviiia may say aid vrlte In it. (51

read KORR

tlint ln, kliey can,
withont y nre_cnlled; operate rnrrrrtly with_tho g
vnrious “party of apcech’, Lach part of apeech (x aasociated with

cartaln avarencares (hn: oppoear to be watlienatical, For exampiced

by

ormat jon

RLINTY
tranal

can _use the fnlloving alatements cqnlvnlontly tins

Agali, nyane L e fnllo

& graup of an “algebra® of languagel
Je won candf A elle 1 doniie TR 7
Ju lud ma_won cantf 11 we 4 candt

. Je 1le lut donuce 11 ®c lé ar

(*,aud,ll avare that (hc nlgrbrn way otrnllonully be diaturbed by

wir asaewpt Lan
o e ppeeetal

langiage?

wlopical”
tical
_Furth_look

Ve mintic_shenli s
casca. Can deal chtl
(X stiort_cla r

kilow 12 A paper by vay ()974) suzgests that

% have the hasic structural elements of confjunction;

ification and that ‘theso are sufficicnt for the
of wathematics,

that_there Ia worc to mathior - tles. Clinn .
¢ stifled and atuoted mathi - - 1enl dovelop-
d_bhe s r the fanguafe; 1€ 18 ihie “mere” Thac &' 8 momning
to the vurdl nnd the ulunu and tlie llnguluilc cnﬁiiﬁil%nn -

re tt i ncluntlnr witicr of the ia.uiii;v»iiﬁ-,;i
be'urcn unlhe-n(loal et ral® Janguage.

18
'Y

T

i
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Characteristics of mathcmarizal lnngﬁn"e

who care hhout thege. tlsl

and crsviac:s are not always compatible. (Tenclnerl secm more pfnne

than iwvycsa to confuse the tuo quolitics.)

liow do wi lcarn, say, the word “rectangle"? To give it an initial
mcaning we- illntiligiahh the object described from objects descrihed

“parallcliogram", ctc. But i order to give a definit
("two 1ong sides and two .shor: sldes

of the propertlou is droppe
This enables us to say, for cxample, ;

“a uquare is a rcctangle”

"a rectangle is a parallelogrsm"
S [ U

e formal structurc-as “a rose is a flower”

8). _But we do

- not first encounter the word "flowec” by distingulshing the tlrlng i >
s or vice-versa.

describes from the thing described by “rose

s than five".

s the cardinal number nf a praper.

set_of which the latter is the .cardinai nusher? Or because 2 occurs

aay, 2< 5 and speak "two is 1

Te 2 less tiu *

ibsgt_of the

before 3 fu_the counting order?_ 1f_we substltute_the cr‘eriou of a

- e

Scc Plam's pnper 51686) to_sce how words and- -ynboln dei Lned_in certatn

sitnation_sre_applicd as metapiors_fn. dlffeﬁlnt sl;untlnnu.;.’ “Morphiisas
preserve_structure bug_do not preserve meaning.” Structure-equivaleuts

ure nnt necessarily meaning-equivalents,

In un_intercsting_paper; Kaput (1979) tokes two “"axioms" - saUicaitics
is a formal structure; aid mathewntted 1o baged on experienca. lle
avggeste_that mathematical notptioii_tied on thé border of Elic two .
zoncs._ Notation wlilcl cinnot bé related In some way Co eupurl’eure Z
is (literally) onnsense. _But formasl matlicwaClce is atemparal ‘whickers .
expetience in always (i €twe. S to Elé iiotat ton En expericisce Iy to
sce it arising from 8 proccss (in _cise) whercns_ as a feitoré of ia
formal structure i€ 18 &lao a Bto2act (Cimelews): I WIS ioees, €
miske ociise of matliceitical aotsllon we muat ‘*ciiiflii-ai-iiiai-iililié 1.

uthéiiflcal liiiif;iiiﬁe lm- 3 hl.toxy - IE ln a.3ort ol‘ l.utorlcal ‘iedi-

ment, ‘Kinwing the_ hilstory may st timcs Illuminate, at others vxasperatce.

(Mliy, oh why, should we have to bear-with the Clumsincss- of the- racital
slgn, and why cannot we writc. our numerals so that the plnce value

liicreanes from left tc right?) -

‘l'he povet i ﬁiriéiiila‘l Ianguage is unilenlahle, but pcrlect it is mnt.

)N

24
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Lianguage use Inothe mathemat{ce classroom i

A nnmbvr nf nksorted napécii ocgur to me.

Wit prupnrtloun of clnsaroom time arc apeiit (by thic (Larhvr) ln ihv
four maddes nf llstcnll . ;pcnklug.

tive Solutlons to a proilcu; variatinas in nlgorllhnh. con-
trasllng prools.

of nrgyldcd J(spusslnn to sliow that mathematjcs, too, requires negoel-
ation and an cvolving clarity.

atics as a collection of theorcms, but it Is
thr dc(lnltlun! lhnt power_the develeprent, Unfortunately v»ry few
classrooms glve students even a glimpae of this process.

MIy are

wurd nrnhl;;;.
snz,_ 1980)

!9,,9;lugr _subjccts all the_problems nre
!,!hg,d!!,f,!,c ity lles in the £act_that students (1o
‘hers_ (Nesher and Taubel; 1975) "arc_all_the time colluding N
to couvert vord problems into algorithmlc exerciees.

atso polnts out_ (quntlng unuurntcld) that in no_other nublcrt
does the teachor cend to tdent {fy the nuswers to questioos by thelr -
form rather than thelc content; even to th: exteat of rejecting
correct answers not giveo_fn the prescribed form, st ioning Is__
not, In any_case, s akill that mathenatics teacheis are generally
good at. (I lLave po lined evidence €org this.) 1t Is too easy to.
formukite Apparently secajglitforunrd queations, perlinps. I thiuk
tliat _to_ask “Winc do ve wenn by fraction?” tsasdifficult to anawer
a8 “"Whiat do we medn by Justice? Teacliers, nid matlicmit (e _teacl ra
in partlcalar, ténd to forget tHat Socrafes spent mosk of hils life i
demooxtrating thint whist we Incontrovertibly Naow we cn 10t weccsaarily

ecll.

David Wiceler
. M@y 26, 1983 . . :

¥
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// . - 91 - ‘WORKING GRoiiF C REPORT:
Langusge Usage Tn Mathematics APPENDIX 2

L
_Mathcmattcs educators and others versed in tlie_useé of sophis-
ticated matlicinatics are. sometimes unaware.of_-the difficulties
ledrners might encounter as a result of tRe language used in the.
presentation and discussion of mathematics. Inaccurate, - inappro-

priate, or ineffeclive use of language is often a contr!but!nq

factor in many lcarners' conception of nathenat|cs as "something

you do, but not something you understand.”

_____During_the past several months; by attempting to 1isten ___
carefully to myself and to my students, 1 _haye found that diffi-
culties in language usage in mathematics seem to fall into one of

the following categories: -

I.  Situations where language is constratned by stan-
dard asage. ’
Il. Situations wheére belter «lternatives are availatle.

g 7__;;;::;44JTZSIIU@II@&&—e*emp++f+ed—by—car!f!t! oF‘T‘Eorrect

usage. 4

An |mportant example from the first of these catcgories fs w

the naming of the "teens”. Irrkgutarities in the words used, -
the _word order, and the spell!ngs are ald present. In_this situ-___ :

“ation there appears to be no immediate.remedy exccpt for the teacher

to_be_aware of the _inhevent._ dlff!cujt!g; and_to be _sensitive_to
problems _they miyy caus¢ In the clnssroom. Some other examples
from this ca\ego1y are: °

1: 'Reduced“ fractions: Does. reduc!ng a fract!on make it

) smaller?
2. "tike" terms: 2xy and 3Xy &ré "11KeX ferdms.
2%y and 3Ky are "like" terms.
; ) Zxy and Oxy are not “like" terms. :

‘3, *va;-iajii'e'"; Wow variable 15 the "varfable in the equation
2xt1=57

4. In writing an express!on for “the— sgSkre root of seven more

than a number®, should onE ir!teJYOx or T+x?

The second gategory; situations where betterfglternat|ves o

are avallable; appears to be the ;iéﬁgii both from the g!eupo!nt

‘Seacher cam piay in alleviating the difficulty. -#n elementary ievel

moltiplicatiof and division: _"Two threes are six”_and "llow many
threes in six?" seem preferable to "Two times three_is six"_and

example of _ ;h?ﬁ type occurs in_the language used to_ lntroducg
*How much 1s six divided by thres?” for.two important reasons.

. . o
By



g ) ' ' S92 -
First, the {srmer i1t langgage already available to the students,
and second, they do ~at obscure the relationship hetween the

operations. Soxt’evaer examples In this category are:

- Names G4 decimals: .17 should be read "seventcen hundredths®_
rather than "polnt seventeen®, The latter

obscures meaning and makes other comnec-
tions moye difficult.

2. Namés of solync i8is: »* should be read “"x to the second
power™; not_"x _squared”, uniess a
mode)l for _the latter has already -

. been developed. A similar argument
. holds for »* .

3. Classificatios of equations: "First_degree, second degree,
third degree” is probably_a more

meaningful sequence than *"}inear,; -

Ny B quadratic. cubic".
. 4. Sabtraction: Y.1., "differmhce” rather than "take away"
* =" ys-suggested by certain manipulative models.
. (e.g. Culsenaire rods) and more easfly leads. -

to transformation useful in rapjd computation.

§. Gases of numeration: Using_the traditional language wWhen
uork?ng,la,pshgr,bQESS”Q!,ﬁ@ﬁéfit'aﬁ
fs_cumbersome and obscures algebraic
relationshfips. For a further discus- -

sion of this topic, see the 1380 {laval)

Proceedings of CMESG. _Also refer to _
. Trivett and Gattagno (see bibliography).

 ine third category s characterized by careless or incorrect
tanguage vsage; and can be eliminated by the careful teacher.
Some examples from this category are: : .

i:ﬁiﬁiég of fractions: i should be resd ".in& fourth®, not_“one

o over fouf®. The Vatter 15 devoid of __.

N ° meandng and can le:'d tocserious problems
) fa cemputations wiih fractions.’ .

; 2. Reading and writing large aumbers: Pla.e value names are.of -

a
1ittle use in learning to.read and write_
. - large pumbers. A more effective approach
§s to "read” the commas (Gattegno). <
3. Time and numbers: "One twenty five" is a reading of 1325 and
’ pefers to time. “One hundred twenty five”
fs a reading of the number 125.

{ .; | ) | i :?
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i do not tate the preceeding categorizgtions to be definittve

< or the lists of examples to be exhaustive, however | believe thae
this or a similar exercise can be of value to classroom teachers .

and teacher trainers, It has ted me to, consider the following

criteria for making chéices about what language to use:
1. Use language that emphasizes, or at least does not obscure,
mathematical structures. . .

N

Use “avallable” language; 1.e.; language brought to the _ _
i situation by the students or suggested by manfpulative s ;
models 1n use. g L

3. °Choose clarity over precisisn: :
4. Use language in & CONSISten’ maomer.
. [}
Martin Hoffmae 7/83 !

Y
-
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WORKING GROUP C REPORT: -
#PPENDIX 3.
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Components of .
A "Grammar® Ei.iiiEiﬁiiii Algebra Symbol Manipulation
David Kirshner
University of British Columbia

The _Study of Algebra may be pursued in three very
ifterent schools; the Practical;, the _____ __
Philological; _or_the Theoretical, according as_
Algebra itself is_accounted_an_Instrument; or a __
. “ Language; or_a_Contemplation; according as _ease of
__ operation; or_symmetry of expression, or clearness
—-of—thought ;- (the agere; the_ i_or the sapere;)
is eminently prized and sought:for. ____ .
{william Rowan Hamilton; 1837)

=2

That mathematics can be regarded as a language has been
noted by many authors (see Aiken 1972 for references). More

recently, educators have begun to question either the validity,
or more probably the utility, of that connection:

i 1t _bas frequently been pointed.out that mathematics
- itself is a formalized language and_it has been

. suggested that it should he taught as such ... . _ _

o ______Such statements poasess a degree ol,vnliditx;,bnt
would appear to be somewhat dangerous and potentially_
.confusing. Mathematics is not a language - a means of_
communication. - but an activity and a_treasure house of _ _
knowledge _acquired over many centuries. (Austin & .
Houson, 1979, p:176) . K R

‘Indeed seversl of the previous speakers of this working group
have expressed a similar point of view. '

3

@
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generally focussed on ldentifying structures of language in
mathematice or vice versa. In my currént research, mathematics
is regarded as a language not 50 that knowledge of language may
be applied to mathematics, but rather 86 that the technigues
aesigned for the study of language may be applied the the study
of mathematics. Indeed, in the narrow sense by which linguists

detine the teri, ﬁiﬁﬁéﬁitibi is unequivocally a language:

Ffom now on- 1 will consider a language to be a set
(ginite or infinite) of seatences, each finite in(length :

-and constructed out of a-finite set of elements. all
natural languages in their. spoken or written form .are
languages in this-sense, since each natural language has
a finite number of phonemés.... Similarly, the set of

‘sentences’ of some formalized system of mathematics can
be considered a language. {(Chomsky, 1957, p.2)

1t is not béééiﬁlé for me, in the short time available
t6ééy, to outline in any aitiilitﬁi'iiﬁéﬁiité' methods, or to
¢laborate on the way in which 1 have adapted those methods for
" the study of Elééﬁié. A few words, however, are needed to ?Efiﬁi
exactly what is méant by a "sentence” of elementary algebra and
to ideﬁtxfy the basic elements of which sentences are comprised.
1 interpret the term sentence in linguistics to refer to the
smallest unit of discourse which will normally be uttered by a

speaker who is being attended by listeners. 1In natural language

study, then, sentences correspond to the statements, qQuestions
and exclamations of normal speech. By analogy, Sentences of

-algebraic manipulation refers to equation solving (or system of

ERIC
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éﬁﬁiiiani (1] lv:ng) and to the simplification of algébraié

' @uptesEions; These sr& the minimsl acts which wil) pe
sccompliched by one who has embarked upon the manipulation of
ii@ébraic symhois. The basic elements of which these Sé"f nces

are compr tised are Eha usual i{;ebraic symbols -

5,b,c;x:¥,2,1,2,3,:::,4,-,(,);=,etc:
The linguistic program is éné development of .grammar which '
can be 150sely described as & set of rules which farﬁally operata

upon iﬁé basic elements to produce the sentences of the Ianguagé.

can be regarded as a cogﬁitiea theory: The devices employed by . _
the yrammar are postulated to be ths same ones employed by the
competent ﬁanibulator of—algebraié aymbols, ‘Alternat ive §?iiﬁi [ f
may be formulated representing alternative cognitive theories:
Peycholinguistice offers various paradigms for the selection of
grammar !rom amongst alternatives on the basis of Eaﬁﬁéting
psychological claims.

1n the case of natural language, linﬁﬁiitica iniéiiéi
analysis at a variety of levels (phonemic, morphemic, phrase
structure, semantic, etc). A grammar of algsbralc manipulation

likevise involves varioua levels of analysia. _These #ill be

outljded during' the remainder of my talk,

194
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4= Ei&é%i%iéi{iéﬁ:"' . The tirst stage is

the identification of the basic elements and their assignment to

:
i

various classes {eg. operators, Quantity symbols, and grouping

.symbols). As an example, the v/~ symbol is interpreted as a

conjunction of two symbols: v/, and™ ~, belonging to the operator
and grouping symbol categories respectively.

2: Expressions. Having established the basic elements of
the theory and their classification, the next step is to
rigorously define which strings of symbols will be considered as

"algebtaic expressions® leg. Sx{x + y~?)?, not 5x{y*-’ ).

3s Parsing. ‘ This component determines the parse of well

P — U
formed expressions. For example;, it is necessary to define 3x?
as representing 3(x?) rather than {3x)%.

4. Transformations. The fourth stage is concerned with
the properties of real numbers which are used in the generation
of one algebraic expression from another. These include

arithmetic transformations; the standard “field axioms"™ of
algebra, and any other number properties which a competent
manipulator of algebraic symbols may bring to bear on one
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 grammar represent the areas of skill

: N
This penultimate level deals

with the actual application of real number properti&s to
syntactically determined expressions. This component specifies a
decision procedure to determine whether a particular
transtormation is applicable to a given algebralc expression.
, ) . ,
6. Semsntlc Component. Thus far the levels of analysis

sentences of the tormer sort which are in some sense
algebraically "meaningleass”. The semantic component consists of .

a classification of sentence types according to the purposes

which are normally associated with expression ilibliiiéiﬁlBﬁ iﬁéﬁi

as factoring, reducing fractional expressions, rationalizing *

cadical denominators, etc. 1n each of these cases it is

the sequence of transformations to be applied.’ (1 have not yet
constructed the semantic component ).
'
1t is postulated that these six components of the Siﬁééiiié

successful manipulation of algebraic
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within each component correspond to cognitive structures) many
important implications to algebraic curriculum may be derived.

To the extent that these claims are false; the linguistic
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WORKING GROUP D

The Iifluence of Computer Science on Undergraduate
: Mathematics Education ‘

N

. 3ohn poland

John POLAND (Carlaton) —
Yvan ROUX (U.Q. a !lliiﬁiiiil)

‘' List of particlpantsi ' pernard R. HODGSON (Lavall

_ . . This working group was a continuation of one oi_tha
same topic the year before, and had. been_advertiacd #a
“'having the alm of producing working/ documents for e
* publication on thig toplc using the tile produ on_
" the working group in 19682. Yvan/Boux attended only the

. firat meeting where he raised the/g

changes_influcnced by computer aflence ‘would be appropriate
in undergraduate mathematics edpcation to meet soclety's

peuds; apd _after the discussiop-he preferred to spend his

time_at the _meeting reading tha hackqground material to be in
a botter position_to parxticipate in _concrete changes he
anticipates tn hia own,dgpg:gggn;,ln,;he coming year. The
secghd meeting was a discussion of the issues with Peter
on. The 'final meeting produced a draft for the article

qhé;ﬁppéﬁdtx; :
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- REVAMPING THE MATHEMATICS CURRICULUMi  ~  +

THE_INFLUECNCE OF COMPUTERS

by Bernard R. Hodgson and John Poland++

Almost every mathematics department in Canada has
‘éipéiiéﬁéed & drop in the number oi students graduating with a
-aEhematIci dégieé at the bachelor s level; in many Cases, to an .

uﬁhéatﬁhy Ievet._ This phenonenon has occurred in many other

counErles-Eéé, and it is clear that the attractiveness of a career
in our ﬂoﬁer_aﬁﬁjécn Wuﬂ:ﬂgﬁmmunn&nn._Cmpuung is

the new, challeﬁélﬁq and prelEtgtOﬁl !tontter. But there are a

number of key Eactors ln this éoqpﬁtérrrevotutlon that we !eel will

’ compel specific clianges’ in undetgriduate mathematics educatlon.

‘Let us spell out what we Sée as these key 1ictori, the problems to‘
which they give rise and ucenarloo of probabté rsicttonl and

solutions. ° . - -
V3

. Most lmportant, i the next few yEArs we_Can. eXpect to sea
large numbers of freshmen in our mathematics classes with a
substantial experience with nlcroconputerl and -their proqra-ulﬂg

packagea. Nany provlnces are conaltted Eo extenalve dlntrlbuﬁlon

\\

eage: to learn. At the undergraduate level we wlll see more :1;;;;h’
—————d&:elpllneo using. increasingly nophl.tlcnted computer techniqg

“ : . -
,/ - ¥ o

/

0 20 o e e e o e e

«"This'article is the outcome of s working group of the Cana

.Mathematics Education Study Group (CMESG) meeting in J

meeting _made possible through a SSHRC grant. We expre our - -

: . Andebtedness to the. iively con;rtbutlono of the ‘members ‘the 19
H

CHMESG weeting on this topic too. '
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and backup mathematics. Of course; computer programs will qgntlnue

to grou in their ability to do arduous multiprecision calculntlon- g

and carry out our standard numer‘cal algortthmn (1ike slmpsﬁn 8

rule or ‘row reductlon of matrlces), asn uell as gr00 ln Ehe Abtutey

lndeflnlte intagration er solving eqaatténa for Epeclf[ed

variables). And the lncréaalng abillcy of compuEer programs to

* carry out routine undergraduata machémaclca al56 comas with a _  °

groﬁth of the n»ﬂ.area of modern applled maEhematlcaz mathéﬁﬁtlcal

. computer science (from cbﬁpafattonal complexity and probabllistic-
“-‘algorlthmz to formal Iangﬁages ana crypbqnalyalsi A .

Dd@s maEhehaElcs as wi Eeach lt now raally address these

changes? we feel ~that most of the undergraduite lntroductorx

éilét. ilow can we expect to be b6n§136366 as teaching to our
students when for example we present the traditional techniques of
integration (e.g. partial Eractlons) and our students know that

already there are packages to do theue symbolic algeb’c o e

manipulations on the computer, and in ary case computér programs® .
exist to evaluate definite integfals without uplng anti-
, deriVatives? This llluntratea.that some o§ the content of these
courses neecds to be deemphadlzed, especially aacit' rglates .to the
actual passage to and evaluation of solutlons that comphterl cnn

obtain (c.f. Pp.J. Hilton in [CMESG 03)). But the more we use

computers for these processes; the more we will need to emphaslze
checking and galldatlon. The questlon is that thornv one- nf

~

. relevance. tlow relevant is our approach to the calcglua Of

algebra? How relevant is the actual coptent of our courses? nra
there oiﬁér toplcs we should be 1ntroduclng to the students? " And

how relevant does mathematics léal to Ehéﬁ as a way of solvtng

questlons wlth whicts thev are or axpéct to be oncer tned? What wa
) - '

»

O
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_to computlng. We can expect an alqorlthmlc way of thlnklng to grow‘

L 106 -

f wlsh most to share here is our feellng that the attltudes and

1{ectattons of the majority of our Ereshmen who have some Interest
tn¥mathenatics fs and will continue to be for. aome time that the
wost chulléngtnq and meantngtul problems have t6 do with compucats.-

And this must be aéknowleaged in our ﬁéchoda °, ioEtviEtng our
Iﬁudénﬁs, and students from other ais t lines taking-our courses.

* 1n what reasonasle vays mlth we modify Ehe COnEERE ana .
sEer of our unaergraduafe naEheuattca teachlng? It seams uaetul

levels. nght ln the claaaroo- we can naRe use of handheld
calculators or a nlcnocomputer with a number of dtgplay units to
palnlepsly cpllect empirical data as grounda for hypotheses and asm

a source of problems, or simply as a means of .easily and

‘effectlvely f{1lustrating raesuits. Outslde the claasroon, 7 .
a=rlgnmenta to the students can involve similar computer-relatia 33

methods and can lncorporate experlencn wltg existing cbnputer

packages, such as LINPACK in linear algebfa. Here we see the
computer as a very powerful tool. Next, as we have argued above,

R e AR A

the existence of these computer programs allows us to shift our
viowpoint when we come to teach various methods ‘of ‘calculation.

Approximaticon, estimation and optlml:atlon wlll gain in emphasis

tincluding at the secondary achool level). Algorithms are centtnl~

\perspecttve, we. could dse more llgortthﬂtc. conutructtve wathods - o!¢

‘the approprtltanelu of many areas of -lthe-actcs to the study of 3

-ln mathematics. It ulll stress raecursion; iteratjon and inductio

ag its tools. qnd routlnely lncluﬁe such toplcs aa computatlonal

affort when an algorlthn is lntroduced, lncludtng the nece-slty of:

fornult:lng nlgortthma in order to analy:e them: To meet this -

proof where lpproprtatc. At thc name time, we lhonld not forget
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exactly thoss now anpects, which brings as €5 the naxt Ievsl of
pdﬁélblé iiiiﬂlticatléii; c . .
For the contaent ot our eourses, the demand for an
introduction to the material of mathematlcnl comphter science ta
clear. The more advaiiced of these, on dlacrete structures or the
design and analysis of algorithms or finite automata Ehiaii; are
appearing in most 6668&5&83&8&8 mathematics calendars and their
adoption is generally not prcblematic. But the most elementary of
these, under the umbrella title of Diacrete Mathematics, Is
EﬁEEéEEi} the subject of a debate,-based in the United States, on

whether to offer sucﬁ a course as un alternatlve to the calculus in
the freshmen year [RALSTON 81 and PUTURE 83). In summary of the

debate; the concensus eeems to be that no satisfactory texthook
(and hence no satlafactory syllabus?) for such a Discrete:

Mathematics coorse yet exists; and the calculus may be a more

effecctve vehicle for teachtng mathematical pathrlty.'bﬁ virtue of

its* own mntu?tcy, depth and wide applicability. Let us look at

Frequeocty the propose ed corcicolom tor the freshmen

6lscrete Mithematies course {s & éottec;lon of traditional

mathematlcnl results, almllf 66 present t Pinite Mathematics
courses: Boolcan algebra. conblﬁut§ lé Inducttéﬁ and ?écutston,
graphs. 1s this a satigfactory and re I ant app?oach to the

problem, oc¢ is it disjointed, superflclul aﬁd Ertvtat? what Is our

purpose u!th such a couracx to lnEroduce Ehe sEudenE to a tﬁﬁgnaqa -

Or can wa go Eurther and ahow the pouer o! mathemaclcal Ehtnktng?
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approach ulghﬁ be a course on congruences over the integers; Einite

fields; polynomials and coding theory. Another; on the
combinatorial analysis of algorithms; w&s outlined by H. Wilf in
{PUTURE 83; p. 38) and is_similar to Chapters 2 and 3 of-the

successful uppet -level tekt {DESIGN 74} by Aho; Hopcroft and.

Dilnan.

what is the bxutc petlpecttve we ahoutd tetatu when
conilderthg Ehéac éhgngel, whit ti our overall goat? Thé ﬁljot
recommendation of (CUPH 1) was to cspture the Btﬁdéﬁﬁi' tntcrelt

-ipa lead them to aevztop both the abtttty for rtqo:oai iithénltt:lt

teisonlng ana the - ability to generalize from the pq;ttéﬁlit to - Eho
abstract. In thln context it should be iééitlea that the Sctéﬁéé

C6ﬁﬁcll study ot m.theuatlcal iétéﬁéii in Canaai ICDEBMKN 76) toﬂnd
“almost all nathenatlcu ptoteulotl allcg. Ehat'thett htgheat .
content. but :athet a way of thlnﬁlng + & way of thlnilnq that even
our colleagues M other. disciplines conaldet lnpottant and wlsh N
thelt student- to undetgo uhen tnilnq our courses. .It l. 80 ea.y
mathematics, ls one of the greatest fntellectual achleve-antn of ..
mankind. True, many intrqductory calculus ‘.ourses agc pteaentod as
mere expoaltlon-regutgltatlon, but how much greater is the :
posslblllty that the otiglnai ptopolail ot a Dl-ctcte Hnthenatlc-

courses in which the powet ot nntheuatlc- can be demonuttated ln
computet science and the value of the conputet in aathelat;c- can

be appteclated ln its proper role? .

% . ‘.;.

B ;
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approac ch in mnthemattéi éﬁtllﬁed ﬁiéviously, wtth tye tiialttonal

oE calculus-analysis—dlffereﬁtial equatlons courses. .
Bxamples of such lnteg:ated courses can be found through our

bibllography (E. Barbeau in [CMESG 82], (CRICISAM 681, F.5. Rober ts

in IFUTURB Bi], P.J. Tayléi in ICMBSG 82], Iﬂﬁﬂﬂhq%?? 77]), and we

prephred for future changes arid to use the full range of their
mathematlcal tralnihg - In their work. A model that appeals to us 18
that of somcone beglnnlnq with a _large database, taking the linlt
to obtaln a continuous function lncorporat)ng thln data, perhaps al
‘the solution of a differeutlal equation, and then solving a
..discrete approximation to this contlnuum/formuiation, for example

using the Einite element method and linear algebra.

a modlf!ed undergraéuate nathematlca educatlo;xyould be better

Before you declide on the nature and detalls of the changes
you would M ke to’sce In undergraduate mathematics education in

your univérsity, do read the well considered proposals of [CUPM
81); the many sources and ldeas In [CMESG 821 and our annotated
blbllography. 1f you begin with amall changes in ycur cournes,
these wlll probably be malnly ln utyle, and you shonld cnllect

calculusl. ¥or larger, 'curtlcula'.changes you will need to
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- the interaction between. natheuailc- and camputer actenc., -nd the

other dlaclpltnes, of the value and necesalty qf your suggested

changea. 'aeictlptlon of both the new contunt and style is
necessary 8o that the nptrtt of the chanqe is clearly percelved.
Problems in coordlnaﬁlng _your p?opouea changes with other
departments ara discussed by L.K. Bi?iétt tn [FUTURE 83].

a
Y

P

We- ralted the questlon oE the reIevance ot mxtﬁémlttci
ccursel. taught ln the tradltlonal forn, tor utudcnil arrlvlng it

[

traditfonal courle- with a scattered introduction to the ‘language
and background of mathenatlcal computer sclence. We ottered a’

fiumber of auggeattona on wayu of produclng more convincing

lncroauctlonu, and more tﬁportant we -uggestad ways of naklng

adjustments 1in exlutlng courses to meet vtth the lncreanlnq use of

compiters by ouf students. Our euphilii was on the frultfulness of

reasonable nodl!lcitlon- we can ltfa-pi in our Courses 50 our
students have a deecper, widér and more neanlng!ul education in

mathenmatics.

sernard -R. Hodgson John Foland o )
D&partement de mathdmatiques Department of Mathematics and
Université raval L Stgllsélcs

Quéhec G1K 7P4 Carleton University

Ottawa; K18 SB6
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CAPPLICATIONS 793

-ur-
Applications of Linear Algeb
- Rarres and ., Anton, Wiley, 1979,

Good (imexpensive) supplement to any standard sopho-

more-level textbook. Includes, topics fram a wide va-
riety of fields (business, ec cs, engineering;

physics, genetics computer science geometry; etc.). ¢

Cl@g;égigrgj@ependeht and are rated according to
r-difficulty. :

the

CAPPLICATIONS 80) Applications for Elementary Linesr Algebra, S.1.

ToSSman, woTth, 1980.

Somewhat similar to [APPLICATIONS 793, Bt with

less W@“ie- - ;' Y

. PR ?

(BIRKIXOFF 723 ‘The impact of computers on undergraduate mathematical educa-

faezsc 82]

tion in 1984", G. Birkhoff, American Mathematical Monthly
79(1972) 648-657. - ‘
Sapports use of computers for study-of the limit concept,
rates of convergence, equaticn-solving, formila minipula-
tion,etc.. 'New Courses, to be widely taught by 1984": dis-
crete mathematics, mmerical mathematics".

3
>

Procesdings of ths 1982 Annual Meeting of ths

anadisn Hathemstice Educstion Study Group, ed. D.R.
£, 1982, (Available from Eduestionsl Kesourcea

stion Canter (ERIC), Ohio State Univeraity,

Colusbue, Ohio.) . .

Pages 51-95 give® tha raport. of the workiug group om -

the influéocs of computer acisoce oo undergraduste °

nathematics educetion, Iocluding eppandices by eight _

of the ocs dozen psrticipsote. 4 lively; moltifacatad -
sst of articlee; wmore _positive s spirit ches [roTURE
83}, vith weny concrete siggestions.




c e

“H2 - : B

lemsc 43) _¥98) Assust Heetlag ot the

: ed: C.

Verhille, to eppear, 1983, . -

on “The nsture of mathemstics today aad implications
for mathematice tasching” shich givas Both genersl

sl
priociplas and specific instances of wvhat he would

like £o ese takes out snd put ie to matbematils

ut s to &

: Of perticaler interest ie_the sddress by r.J. Biltoa

sducstion st sll levels.

»i
e

_[COLEMAN 76) Mstbewsticel Sclences is Causda: Science Council of
- Canade Bsckgruund 37, A.J. Coleman et al.,
¢ Science Couscil of Ceneda, Ottswa 1976, - .

! Chepter four is perticelarly Televaot €o uodergraduste. -

mathssatice teaching and curricwlus duvelopmgot.

: Their pbilosophy ie very close to [cOPM 81): = .
iocressed emphasis on tesching the origie and methoda

of solution of probleme in the wmathematicsl.scisnces

sud the ebility te commusicate with other disciplines; .

S

[cR1C18AH 63) Calevlu o
"Steinbarg end R.J. Welker, Cester for Research iy -
College lostruction of Sciesce and Msthamstics -
(CRIC1SAM), Florida Stets Usivarsity, 1968, ./

’

Ao experimeatal textbook, thet begine wieh | ;

spproximating solutions of equatioph, convarguses, i
tinding sress end volumes by - ‘%”; :

“epproxisatiog end ueieg 1imit theorems; leeding fiuto

fntegrecion sod differentistion with many vamerical.
4

sod elgoritheic idess: Read tha.rassone offeved fo
fcs lack of success is [FuTURE 83), p.225. 4
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fcorn 81) hecoumendstions for s Genersl Mathesstical Seizdces
. . Prograw; Report of the Committes on.the Underzrsduste

Progres_io Mesthematica (CUPHM), ed. A.C. Tucker,

Matbenmaticel Assoclstion of Americs, Washiogcron, 1981.

A very vell conslderad set of propossls sbout the
vodergraduste tesching of wmatbematics in generel.
Chepter one_makes many valuabls points aod ia worth
resding in Ssptember every /jiif‘i
o)

/ T

N

{FUTURE 83] The Futura of College Mathemstics; ed. A, Rslston
and C.S. Young, Sprioger-Verlag, New York, 1983,

< A collection of invited pspers for s Sloas Foundatios
couference in 1982 with brief _reports oo the
discaseion of these papers and three vorkshops. Host

. 6f the papers centre sbout the queation of replaciag

istroductory cslculus by s discrete wathesstics -
course; raised by [RALSTON 81}]. Unfortunstely most .
curriculum_development is either too_geoeral im <

principle to see bow it would ba implemeated or too
specific In contents to cstch a glimmetr of the
spirit. Course descriptions by H.$5. Wilf (p.38) and

" 7.8. Roberte (p.126) are the excaprions.

B T o .
[GORDON 798) “A discrete approach to cowputer-oriented calculus”, __ __.
S.P. Gordon, American Mathiematical Monthly 86(1979) 386-391.

Describes an approach to calculus which incorporates the
conputer “in a particularly natural way": finite differences

and sums are used *'to motivate the infinitesimal calaulus and

to provide the appropriate setting for solving "real” problems
using discrete appraximations. (It is claimed in [RALSTON 811
that the computershould influence the mathematics curriculum

more_profoundly than such_local uses.) Contains a good biblie- . ..
graphy of srticles about incorporating camputing in the calcu-
las sequence. N ) : .
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(GHXN 795) "\ discrete ,a@%a;ci;;a the calculuis”, ‘S.P. Gordon,

o the calculus", S.P. Gordon
Int. J. Math, Educ. Sci. Teclnol [0 (1979) 21-31.

Similar to (GROON 79a], but with less satheastical contents
and s more general disousion. Contains an anplysis of ex-
perimental fiiiinut-tlons of this spproach, _ . ©

(GuersoAN 80) Arlumecic Aprlied Muthemeics: D; Gresnspam, Porgascn Pross. -
(18 : ’ :

llow finite techniques and the computer can replace much of
what_is done in contimody applied masthematicy. From tho .
prefsce: "In this hook we will develop ‘s couputer, Tather
thas_a_coit{imm, spjrosch to the deteministic theorles of

praticle mcchanics. (...} At those points where lewton,

) lelbniz, and Einstein found it nccessury to spply the snaly-
v ~ tical puwer of the calcu™ts; wi shall; ‘instead, apply the
- computational power_of modern digital c ters._ (..:) The
price we pay for {the mathcmatical Siﬁi?l city of our ap--
, proach) is that we sust do our arithmetic at high 5’?’9@3 w__
¥ (Sce also the suthor's Discrcte Models, Addison-Nasley, 1973:)

GERIci 773 c'g_.._.,: witational Anslysis with the HP-2S Pocket Calculator , P
nrici, ey, 17 Y ] .

Programs by the author implemencing algoritims in mmber
theory;equation_solving ,mumarical Integration, evaluntion
of special functious: Interesting im the way he uses many
sreas of mathematics to proiico /igoritims that are fast
enoigh to run on & prograamabla pocket calailator,

LITLIUN 79)  The Role-of Applications in _the Undergradusts Matheastics
. Curriculus; Comnittea on Applied Mathematics Training .
(P.J. Uiltos, chairwan), Asacnbly of Hathzeatical and N
Piyalcsl Scleaces, lacional Resesrch Council, Washington, 1979,

Report of & committas formed by the NRC to cooside® the problew

of_resbapiug the tzaching of vathesatich; to meet the neads snd::!

purposet_of today's students. Simtler’'in spirit to_{Cumi 61)
with & greater stress an “tha rastoration of the rla of dif-
- larential ejqustions 1n tha core curticulua”, : Advocates cloas

~ the gap between abatract end applied mathesatics and creatiug v

brosd major in the mathematicsl scisices.  Identiffes.the '~ '3

. primcipal problas ss baing eons of atticads:
- | SIS

o by s kR mwa ChNr :

Bl -




CHILTON 82)  *The emphasis on apﬁiigiigtji@’;jg; today and its impli-
cations for the mathematics curriculum; P.J. Milton; in: .

New Directions in Applied Hathanatics, ed. P.J. Hilton and
e Yqung;

. 7, Pp- 155-163,
By the chairesn of the "Iilteh panel® responsible for the

report (HILTON 79]. AS in the talk presented in (Q£SG 83],
pronotes the unity of the mathamatica) sciences. ‘Might the

sterilc antogonism which one sometimes finds today between

pure_and applied mathematics-and pure snd applied sathemi~
ticlans-be eliminated by abandoriing thiose Iabels and revers,
tii:g to the notion of a single indlvisible disgipline,
mathasatics." )

COUTH 743 "Campiter science and Jts relation to_matheaatics®, D.E.
Kuth, ertiﬁlﬁlm 81 (1974) 323-343.

A personal view of the interactions between computer .Science
and ma tics. Discussion of a "typicsl computer science
problen(hashing) to jllustrate the similarities and diffe-

. rences between the two_ficlds. Describes camputer science

- a5 “the swdy of slgoritims", -

°

-

Al

Meations ond Conputing, Voluss 1, P, =
Lax, . » Spranger-Verlag, 1976.

' In [NOTICES 83], the first author supports the view that -
calaulus stvuld remain the centerpicce of mpthematics educa-
tion in the first. two_years of collepe. Mt it is esscntial,
he adds; the modify the way it 1s tavght accprding to thie : -
‘modern spirit” , for exauple by taking into sccount the - - - %
Inpact. of computing. HIS coiceptions can be found in this ln.spirlu:;
text which emplasizes tlie relation of calculus to science. -

Numerical methods are iﬁ!@iéﬁ!@,,éi,eriéjié, arts_of calculus,
not mere appendices; while change of variables or intezration

&{iﬁ'iijerﬂ,&ng;,m integrals easier to approximite mu-
merically. A must rsad ! : B

4
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{MCCARTY 753 Calculator Calaulus, G. FcCarty, Page-Ficklin, 1975,

X workbook to_sccampany 8 i:bqun;}’ijijiii ] @:ii’ci.iiﬁs text.
Uses the pocket calculstor to illustrate the theory.

Each chapter contains several examples with detailed .
discussions and cooplete solutions,€asy exercices and -
more difficult probless. Most important theorcas are
usually cited explicitly.

(MIEL 803  “Calculator calculus and roundoff errors, G: Miel;
American Mathema nthly 87 (1980) 243-253. . -

Although the calculator can reinforce understandirg of

calculus notions, indiscriminate use of it or lack of

swareness of the effects_of _roundoff errors can lead to

mistaken interpretations of results. Nicely illustra-°

tes the point with many examples, for instance .Zeno's _

paradox seen -in the context of roundoff errors. Exten~ -
. - sive bibliography. -

(MILES 717 “Calcalus and the computey, the CRICISAM calculus pro-
ject - Past, present and portent",-E.P. Miles, Jr., -
Anerican Mathematical Ibathly 78 (1971) 284-291. :

On the history of the CRICISAM calculus project. . (In-
- formations. on.CRICISAM can 8lso be found in Miles’' paper
* : in the book- (TOMORROW 813.)

t@ﬁs 7’3-]‘ m’thfa’ii i ’eii w . 7iéiiﬁ E)piiéiiia\;- ﬁ-i- EH H ﬂ'
hompson, Prentice » 1973,

Intended for junior and  senior.Students. Topics covered
include Markov chains, linear optimization, ,graphs,mdL

growth processes (both by means of diffential and finite _
difference equations). Each chapter has exercises, practi(
projects and s good bibliography. Authors suggest a variem
of courses that can be taught from the book: survey, in-de|
teacher preparstion. : .

fat

O
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CRALSTON 81)
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els, R. Haberman, Prentice-tall, 1977,

'
Iréeided for the junior-senior level. Three long

chapters (over 100 pages each) on mechanical vibrations,

population dynamics and traffic flow, Pleasant to read;
a_very good text foranundergraduate introduction to tech-

niques of applied mathematics. Chapter'on population _
dynamics uses both a discrete and a continuous approach.

“Freshwsn Methesstice” Wotices of tbe Awsrices .
Hathematical Society 30, 1983, pp. 166-171. - -‘§;<
Travecript of s panel discussion oa this topic st the

Acnusl Meeting io Deaver im 1983, vith speskers

A. Ralaton, P.D, Lax, C.5. Young, sud R.0. Wells Jr.

Notevorthy is Ralston's remark thet “va need an

slternstive to freshman calculus wbicb fs mot & -
tevolution but sn_evolution,” snd Lsx’s_rebutsl te the
discrate mathematica suggeations. s :

*Computer $cience, mathematics and the undergraduate cur-

- ricula intisth,” A Ralston, American Mathematical

Monthly 88, 1981, pp. 472-485. _

. o~ o _ _ e
The article that provoked the conference [FUTURE 83),
arguing for the consideration of a separate mathematics

aurriculum for computer science undergraduates, begin-

ning with a discrete mathematics.eourse rather than cal-
culus.__A well-argued introduction to the topic which notes

that, however desirable and valuable; the use of computers
in the calculus and other courses is not sufficient.
*There has been little realizatidn that the advent of com-
putess. and computer science -might suggest some fundamen-
tale changes in the [mathematics]) undergraduate curriculus.”
(See-also the Iﬁﬁgéf,tédiﬁichrgzrt; with_the same title,
on which this paper is based: Tecimical report 161, Dept.,
of Computer Science, SUNY st Buffalo, 1980.)

o

v




(ROSSER 723 :fg:::ra:itfti’cs;@ts;s 30 1984%, J.B. Rosser, Amsr; Math.
- Monthly 79 (1972) 635-648.

¥ 'Unless we revise the calculus course, and the differential .

3
LU L L ]
G

quations course, . and probably the linear algebra course,
and 1 do riot lajow what other courses, so as to embody much usg

- of cosputers, mgst of ths clientele for these courses will 3
. :
'.;

instead be ta computer courses in 1984 "

“] believe [the aversge student] would be letter offleatning :

the slgorithes in a mathematical coure, if they are pro-

perty taught there. If

Ltioesr Algebra sad its Appliceriovs (Sscomd -
Rdition), G, Strang, Academic Prasa,—Wew York, 1980
. An exciting raad in sppliad lioaar slgebrs, with.

®  cowputationsl discessioms fnucludiag the stebility sud

sfticisucy of the algorithus; and notes os LINPAZK.

- Vall~designed from the visw point of sumericel limear
algebra, but weak ou the comcept and wse of limanr
ﬁiji!éiﬁﬁﬁii; ]

'7 ©

»

P B . [N
L]

SUPPLENENT 79 )Pockat Calcslator Sspplemest for Caleculus, J:B.
Rossar ané C. ds Boor, Addisos Vesley, Wew York, 1979:
Iorapassive soft covar sditics, can be usad in

conjuuction ﬂii suy calculuws text.

O
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strow, ed. LA, Steen, Springer-Verlag,

A collection of essays, some of which are related to mathe-
matics curriculum; applications and the influence of compu-
ters. For example, the essays by J.P. King (“But I ask a
.favor, let one Course,just _one, remain pure, And let ft _
be begiming calculus.™), A, Tucker(same spirit as Chapter I
of (CUPM 81)) and W.E. Lucas ("(The mathanatics commnity]
mist act quickly wid in s meaningful-wiy. There exists
- many good strategies.  The question is whether we will select -
7 one and-implement it in time, or whether we will follow phi-
. Iasﬁpﬁy—;i decline into prestigious isolation and irrele-
vance.").

“The disk with the college education”; H.S. wkf, American -

tical Monthly 89 (1983) 4-8. s

Mathema

_uMATH_ is. comming! muMATH is Zomming: (The impact’'of
the availability of synbolic manipulation on personal cam-
puters is also discissed in the suthor's paper in (FUTURE

* +83], where it is stressed that "it can be very unsettling
to realize- that what we prcviously thought was a very huma
ability (...) can actually be better done by 'machines".*)

{WONRACOTT 77)Calculus: ..an Applied Approsch; T:R: Wosnacott,

Viley, Wew York, 1977._ I
Begine with spproximatiog aud Jefining ¢ snd has much
interpley batweeo the differenciog situstiocas (“fimite
cslculus®) end differentistion situstion = -
("iofinitedmal calculus™). ‘Ris tesching ability showa
fn this resdsble taxt." . . ;
) .
-
: N
A = b : ';.;
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TOPIC GROUPS

L INTUITIONS AND FALLACIES IN REASONING ABOUT
PROBABLITY - BY DANIEL KAHNEMAN
DEPARTMENT OF PsvcHOLOGY
UNIVERSITY OF BRiTISH COLUMBIA

«M MATHEMATICS CURRICULUM DEVELOPMENT IN CANADA:
A PROJEGCTION FOR_THE FUTURE . '
+ = BY Tom KIEREN _ -~
’ DEPARTMENT OF SECONDARY EDUCATION
UNIVERSITY OF ALBERTA °

O
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-t"

TOPIC GROUP L
PUBLISHED MATERIAL RELATED TO KAHNEMAN AND ASSOCIATES
RESEARCI1, UPON WHICH TillS PRESENTATION WAS BASED, 1S
INCLUDED 1N:

Jﬁbééﬁéﬁié UNDER U@iéﬁfﬁiﬁf?sf ﬁiﬁﬁiéf@6§ AND BIASES,
BY KAHNEMAN, SLéﬁi@;ggﬁ TverskY, CAMBRIDGE
= UNiversiTy Press, 1982.

- .
N
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